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The inflationary ΛCDM cosmology currently provides an accurate description of the Universe.
It has been tested using several observational techniques over a wide redshift range, and it
provides a good fit to most of them. In addition, it is a surprisingly economical model,
requiring only six parameters to characterize the background cosmology and its fluctuations.
In this model, the Universe is dominated by a cosmological constant Λ driving an accelerated
expansion, and by cold dark matter. The strongest constraints on parameters to date come
from observations of the temperature and polarization anisotropies of the cosmic microwave
background measured by the Planck satellite. There are, however, indications of features in the
Planck power spectra, possible differences with high redshift ground-based CMB experiments,
and ‘tensions’ between Planck and low redshift measurements of the Hubble constant and weak
gravitational lensing.
In this thesis, we review possible tensions and extensions to the Planck cosmology, at both
high and low redshifts. We begin with the high redshift analysis, using the Planck data to test
models which introduce oscillatory features in the primordial power spectrum. We also study
possible departures from slow roll inflation using the generalized slow-roll formalism, which
allows for order unity deviations. Although we find models which give marginal improvements
on the temperature or polarization power spectra, the combination of temperature and polariza-
tion is found to be consistent with a featureless power-law primordial spectrum. We then focus
on measurements of the polarized CMB sky by the South Pole Telescope collaboration, who
report tension between their measurements and the ΛCDM cosmology and with the cosmolo-
gical parameters determined by Planck. We find evidence of a high χ2 in the SPTpol spectra
which is unlikely to be cosmological. We report consistency between the Planck and SPTpol
polarization spectra over the multipoles accessible to Planck (` <∼ 1500).
We then investigate tension at low redshifts. We begin with weak gravitational lensing
in which a number of surveys have suggested that the amplitude of the fluctuation spectra is
lower than the Planck value. We review the small-angle approximations commonly used in
galaxy weak lensing analyses and their effect on cosmological parameters. We find that these
approximations are perfectly adequate for present and near future experiments. We find internal
v
inconsistencies in the recent KiDS-450 analysis involving photometric redshifts and the KiDS
covariance matrix at large scales. Finally, we investigate the difference between measurements
of the present day expansion rate of the Universe. We apply a novel parameterization of the
inverse distance ladder to determine the present date value of the Hubble parameter H0, which
assumes General Relativity but makes no further assumptions about systematic errors or the
nature of dark energy. Our analysis uses baryon acoustic oscillation data and Type Ia Supernovae
to constrain the expansion history assuming a value of the sound horizon determined from the
CMB. Our results are in tension with recent direct determinations of H0. We conclude that this
tension, if real, cannot be solved by modifications of the ΛCDM model at late times. Instead,
we would require a modification of the theory at early times which reduces the sound horizon.
We conclude that at this time there is no compelling evidence that conflicts with the ΛCDM
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1.1 Mathematics of an Expanding Universe
The inflationary ΛCDM model of cosmology is considered the best model to describe the
Universe. It fits most of the available observations using only six parameters to explain the
evolution of both the background Universe and its fluctuations. The present chapter establishes
the foundations of the ΛCDM model (numerous textbooks present detailed accounts of the
ΛCDM model, e.g. [6; 7; 8; 9; 10]). Additionally, some of the tensions between different
observations that motivate the search for extensions to the ΛCDM cosmology are reviewed. A
detailed discussion of a number of such extensions will be the topic of this thesis.
This section introduces the basic concepts, mathematical tools, and notation commonly used
in cosmology, which will be used throughout this thesis. Sec. 1.1.1 establishes a number of
key concepts in General Relativity, which are applied to a homogeneous, isotropic, expanding
Universe in Sec. 1.1.2. The different components of the Universe are presented in Sec.
1.1.3. The results from the two previous subsections are combined in Sec. 1.1.4 to obtain the
Friedmann equations describing the evolution of the Universe as a function of its constituents.
Finally, definitions of times and distances that will reappear throughout this thesis are presented
in Sec. 1.1.5.
1.1.1 General Relativity
General Relativity is established as the theory of gravitational interactions in modern physics.
It is an extensive topic and the subject of ongoing research. Therefore, this section presents
3
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a condensed and simplified overview of the fundamental concepts required to describe an
expanding Universe. The interested reader can find a detailed introduction to General Relativity
in any of the numerous textbooks on the topic such as [11; 12; 13; 14].
• Metric: Themetrica gµν is a rank two symmetric tensor which encodes information about
the geometry. Given a coordinate system {xµ}, the metric relates infinitesimal coordinate
displacements dxµ to line segments in the corresponding geometry ds2 through the
expressionb:
ds2 = gµνdxµdxν . (1.1.1)
This line displacement, or interval, is an invariant quantity (independent of the choice of
coordinates). In Einstein’s special relativity, the geometry is described by the Minkowski
metricc:
ds2 = −c2dt2 + dx2 + dy2 + dz2. (1.1.2)
with c the speed of light in vacuum c ≈ 2.998 × 108 m/s. The interval ds defines the
causal structure of spacetime. In particular, the sign of the interval has the following
interpretation:
* ds2 < 0 (timelike interval): There exists a coordinate system such that ds2 =










Proper time gives the time measured by a clock that is moving along a timelike
path. Massive particles move along timelike trajectories.
* ds2 > 0 (spacelike interval): There exists a coordinate system such that dt = 0.
* ds2 = 0 (null interval). Massless particles move along null trajectories at the speed
of light.
The metric plays a fundamental role in General Relativity since the geometry of
spacetime encodes information about matter and energy. Mass distributions curve the
spacetime, and free bodies follow geodesics (paths of minimum length) in this geometry.
aGreek letters µ, ν, σ... denote spacetime indices (0,1,2,3), and roman letters i, j, k... denote space indices
(1,2,3).
bRepeated upper and lower indices are summed over, following Einstein’s summation convention [15].
cWe adopt the signature (− + ++).
1.1. Mathematics of an Expanding Universe 5











where r as in affine parameterizationa. For timelike trajectories it is common to use the


















• Curvature: Intrinsic curvatureb is defined in a coordinate independent way through the














The Ricci tensor and Ricci scalar are defined through contractionsc of the Riemann
tensor:
Rµν ≡ Rσµσν, R ≡ R
µ
µ . (1.1.8)
• Einstein’s field equations: The Einstein tensor Gµν is defined as a function of the Ricci
tensor and scalar. Einstein’s field equations provide a linear relation between the Einstein
tensor and the stress-energy tensor Tµν which describes matter and energy distributions:







where G is the universal gravitational constant G ≈ 6.67408 × 10−11 m3kg−1s−2. Secs.
1.1.2 and 1.1.3 will focus respectively on the left and right-hand sides of Einstein’s
equations (1.1.9) for a homogeneous, isotropic, expanding Universe.
1.1.2 The Friedmann-Lemaître-Robertson-Walker Metric
• Fundamental observers: The cosmological principle states that:
The Universe is homogeneous and isotropic on large scales.
aAn affine parameterization of a curve is defined as a parameterization for which the length of the tangent vector
remains constant along the curve.
bIntrinsic curvature refers to curvature that is a property of the geometry itself, as opposed to curvature that
depends on how a surface is embedded in a space of higher dimensions. In General Relativity, matter only creates
intrinsic curvature.
cThe contraction of two indices µ, ν of a tensor Tµν is defined as:
Tµµ ≡ g
µνTµν . (1.1.7)
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Figure 1.1: Illustration of the spatial shape of the Universe for all three possible values
of k. Image credit: NASA / WMAP Science Team.
The cosmological principle only applies to certain observers: Fundamental observers
are defined as observers at rest with respect to the cosmological fluid.
• FLRWmetric: Isotropy and homogeneity allow the metric to be expressed as:






dθ2 + sin2 θdφ2
)]
, (1.1.10)
where spherical coordinates have been adopted. This is called the Friedmann-Lemaître-
Robertson-Walker metric, henceforth also referred to as FLRW metric. The spatial
coordinates in this metric are comoving coordinates related to the physical coordinates
by xiph = a(t)x
i
com where the function a(t) is known as the scale factor. The parameter K
is called the curvature parameter, since it is proportional to the Ricci scalar for the spatial
part of this metric ((3) R = 6K/a2). Therefore, its sign k ≡ |K |/K defines the sign of the
spatial curvature (Fig.1.1):
– k = 1 (positive curvature) corresponds to a spherical or closed Universe.
– k = −1 (negative curvature) corresponds to a hyperbolic Universe.
– k = 0 (no curvature) corresponds to a spatially flat Universe.
The metric (1.1.10) can be written in a different, more compact way, that will be used
throughout the rest of this introduction:
ds2 = −c2dt2 + a2(t)
[
dχ2 + S2( χ)
(
dθ2 + sin2 θdφ2
)]
, (1.1.11)
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: k = 1,





: k = −1.
(1.1.12)
• Low redshift expansion A Taylor series expansion of the scale factor for a time t close
to the present time t0a yields:
a(t) = a(t0) + ȧ(t0)(t − t0) +
ä(t0)
2




(t − t0)3 + O(t − t0)4,
≡ a0

1 + H0(t − t0) −
q0H20
2
(t − t0)2 +
j0H30
6
(t − t0)3 + O(t − t0)4

, (1.1.13)















Note that, while in Eq. (1.1.13) these parameters have been defined for the present time,
their definitions have been generalized to an arbitrary time in Eqs. (1.1.14a) to (1.1.14c).
• Cosmological redshift: The frequency of a photon emitted at a time te and received at






≡ 1 + z. (1.1.15)
where z is called the redshift. The scale factor is commonly normalized as a0 = 1, which





As a consequence, redshift can be used as an alternative parameterization of the scale
factor, and therefore time, for open and flat universes.
aThe subindex 0 will be used to refer to the present time throughout the rest of this work.
bThe name deceleration parameter is misleading: It was established when the Universe was thought to be
decelerating, a notion that changed with the discovery of the accelerated expansion of the Universe [16; 17].
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1.1.3 Components of the Universe
The FLRW metric that describes an expanding, homogeneous and isotropic Universe can be
used to calculate the left-hand side of Einstein’s equations (1.1.9). We now introduce the
different components of the Universe that determine the right-hand side of Eq. (1.1.9).
• Stress-energy tensor: The stress-energy or energy-momentum tensor is a rank two
symmetric tensor that describes the distributions of mass, energy and momentum of a
fluid. For a perfect fluid in a homogeneous and isotropic Universe, the stress-energy
tensor takes the form:
Tµν = (ρ +
p
c2
)uµuν + pgµν, (1.1.17)
where ρ is the mass density, and p the pressure. It is frequently convenient to work on a
reference frame comoving with the fluid at every point u = (c, 0, 0, 0), such as that of a




−ρc2 0 0 0
0 p 0 0
0 0 p 0




• Conservation equation: An important property of the energy-momentum tensor is that
it satisfies the following conservation equation:




µσ = 0, (1.1.19)
where ∇ is the covariant derivative. This conservation equation for an FLRW metric
leads to:
ρ̇ + 3H (ρ +
p
c2
) = 0. (1.1.20)
The equation of state of a given component is defined as the relation between its density
and pressure:
p = wρc2, (1.1.21)
where w is called equation of state parameter. Assuming a constant equation of state
(ẇ = 0), Eq. (1.1.21) in combination with Eq. (1.1.20) provides an expression for the
time evolution of the mass density of a given component as a function of the scale factor
that depends only on its equation of state parameter:
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ρ ∝ a−3(1+w) . (1.1.22)
• Components of the Universe: The different components can be defined by their equation
of state (1.1.21):
– Matter: The term matter includes all pressureless components (w = 0), which
include dark matter and baryonic matter, consisting of baryons and leptons whose
rest mass energy is well above the thermal energy of the cosmological fluid, which
will be described in the following section.
– Relativistic Species: Frequently called radiation, consist of photons and particles
of rest mass energy well below the thermal energy of the cosmological fluid. Their
equation of state is w = 1/3.
– Dark Energy: A cosmological constant, also called vacuum energy (w = −1), or
some form of dark energy (w ≈ −1), is required to explain the observed accelerated
expansion of the Universe. Note that a cosmological constant in the stress-energy
tensor is equivalent to a term Λgµν on the left-hand side of Einstein’s equations
(1.1.9), with Λ a constant.
1.1.4 The Friedmann Equations
• Friedmann equations: Using the metric (1.1.11) and the stress-energy tensor (1.1.18),




















• Density parameters: Eq. (1.1.23b) can be expressed in a more compact way. The





The dimensionless density parameters are formed as the ratio between the mass density
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Model Dominant component Scale factor





Radiation-only Friedmann Universe Ωr a(t) = (2H0t)1/2
Milne Universe Ωk a(t) = H0t
de Sitter Universe ΩΛ a(t) = eH0t
Table 1.1: Scale factor dependence of the Universe when it is dominated by a single
component (ΩI is unity for the dominant component, and zero for the rest).
where the subindex I refers to matter m, radiation r or a cosmological constant Λ.





Using these definitions Eq. (1.1.23b) can be restructured as:
1 = Ωm + Ωr + ΩΛ + Ωk . (1.1.27)
Or, equivalently, using the time dependence of the density for each component (Eq.
1.1.22):
H (z)2 = H20
[
Ωm,0(1 + z)3 + Ωr,0(1 + z)4 + ΩΛ,0 + Ωk,0(1 + z)2
]
. (1.1.28)
This equation relates the time evolution of the scale factor a(t) to the present day density
parameters of the Universe. Note that the expansion history H (z) depends only on four
independent parameters through the constraint (1.1.27). The scale factor dependence of
a universe dominated by a single component is summarized in table 1.1.
• Age of the Universe: The age of the Universe can be determined once the values of
four parameters H0, Ωm,0, Ωk,0 and Ωr,0 are specified. The estimation of the values of
these parameters using different observations is a central aim of this thesis. However,
for the purpose of this introduction, approximate values that are not far from any of the
measurements will be used:
H0 = 70 km s−1Mpc−1, Ωm,0 = 0.3, Ωk,0 = 0, Ωr,0 = 10−4. (1.1.29)
Note that these values imply that the Universe is flat, which we know to be true to a very
high precision through observations. The age of the Universe can be estimated from
these parameters:
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Figure 1.2: Time evolution of the density of matter, radiation and vacuum energy
using the values (1.1.29). Vertical lines represent matter-radiation equality (left) and
dark energy-matter equality (right). This figure illustrates the coincidence problem:









≈ 13.5 × 109years. (1.1.30)
The observed age and present-day components of the Universe raise two issues that have
not been solved to date. One of the possible explanations for these issues is resorting
to anthropic arguments (see [18]), but it is also possible that they are a consequence of
problems with the ΛCDM model.
– Coincidence problem: Dark energy becomes the dominant component at very recent
times (z = (ΩΛ,0/Ωm,0)1/3 − 1 ≈ 0.33, t ≈ 9.8 × 109years), as illustrated in Fig.
1.2.
– Synchronicity problem: The dimensionless age of the Universe defined as t0H0 is
extremely close to one:
t0H0 ≈ 0.96. (1.1.31)
There is no reason for this number to be so close to unity. In fact, that has not been
the case through the evolution of the Universe [19].
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1.1.5 Times and Distances in Cosmology
• Conformal time: A transformation dη ≡ dt/a(t), where η is called conformal time,
reshapes the FLRW metric (Eq. 1.1.11) into:
ds2 = a2(t)
[
−c2dη2 + dχ2 + S2( χ)
(
dθ2 + sin2 θdφ2
)]
. (1.1.32)





The Hubble radius of Eq. (1.1.33) is a physical quantity. A comoving radius can be
defined as rH,com = rH/a(t). The comoving Hubble radius decreases with time for an
accelerated expansion, which is the case during inflation and in the present, and increases
with time for a decelerated expansion, such as a matter or a radiation dominated Universe.
A region of comoving size R is inside or outside the Hubble radius if the ratio R/rH,com
is smaller or larger than unity respectively.
• Particle horizon: It is defined as the distance light could have travelled since the






= cη(t) − cη(0). (1.1.34)
Particles separated by a distance larger than the particle horizon at a given time are not
in causal contact, i.e. they cannot have exchanged information.
• Event horizon: Similarly to the particle horizon, the event horizon describes the distance






= cη(∞) − cη(t). (1.1.35)
The event horizon provides a measure of causally connected distances: If a particle
crosses our event horizon, it goes out of causal contact with us.
• Luminosity distance: The luminosity distance is useful for sources whose luminosity L
is known. Such objects are known as standard candles. In Euclidean geometry, flux and
luminosity for a source at a distance d are related by F = L/(4πd2). In a FLRW metric,
the equivalent expression is:
F =
L
4πS( χ)2(1 + z)2
. (1.1.36)
Therefore, analogously to the Euclidean case, The luminosity distance is defined as:
dL ≡ S( χ)(1 + z). (1.1.37)
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Observing the flux of a standard candle constrains the luminosity distance of such a
source, which depends on cosmological parameters.
• Angular diameter distance: While the luminosity distance is useful for objects of known
luminosity, the angular diameter distance is useful for objects of known physical size,
known as standard rulers. In Euclidean space, the angle subtended by an object of size





For an object at redshift z in a FLRWmetric, the angular diameter distance can be related
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1.2 History of the Universe
This section applies the concepts introduced in the previous section to study the thermal history
of the Universe and the evolution of perturbations to the homogeneous background. The
discussion follows a chronological order: It starts with an introduction to inflation, which is a
theory of the Universe before the Big Bang (i.e. before the matter and radiation that we observe
today were created). After summarizing the essential elements of the theory in Sec. 1.2.1,
Sec. 1.2.2 discusses the formation of perturbations that evolve from quantum fluctuations.
Subsequently, the analysis focuses on the Big Bang Universe: Sec. 1.2.3 explains the different
stages of the thermal history of the Universe, while Sec. 1.2.4 presents an overview of the
evolution of perturbations to the homogeneous background. Particular emphasis is placed on
the theory of inflation since it will be one of the central topics of this thesis.
Detailed discussions about the concepts reviewed in this subsection can found in the liter-
ature. In particular, [9] presents a detailed discussion of inflation, the thermal history of the
Universe is explained in [7; 8], and for a clear discussion of cosmological perturbation theory,
[6] and [10] are recommended.
1.2.1 The Theory of Inflation
The theory of inflation relies on near-exponential expansion in the early Universe. Inflation is
widely accepted as the theory of the early Universe since it solves three inconsistencies based on
observations: The problems of the horizon, flatness, and relics. More importantly, it predicts
the formation of structure in the Universe that agrees to excellent accuracy with observations.
• The three problems: The problem of horizons, originates from the Cosmic Microwave
Background radiation (CMB), the afterglow from the Big Bang, emitted at z ≈ 1100 that
will be reviewed later in this introduction. FromEq. (1.1.34), the physical particle horizon
at the time the CMB radiation was emitted is rph ≈ 0.24 Mpc, which corresponds to an
observed angle θ ≈ 1o. This raises the question of why the Universe is homogeneous and
isotropic on large scales (Fig. 1.3). The problem of flatness is a problem of fine tuning.
From observations of the CMB and Baryon Acoustic Oscillations (BAO, a characteristic
distance scale in the observed distribution of galaxies that will be detailed in the following
section) theUniverse is observed to be very nearly spatially flat (Ωk,0 < 0.005) [21]. The
curvature density parameter (Eq. 1.1.26) Ωk ∝ (aH)−2 increases with time for matter
and radiation dominated universes. Therefore, our Universe requires |Ωk | < O(10−60)
at the Planck time (t ≈ 10−44 s). This value can only be obtained through an extremely
fine tuning (or perhaps again using anthropic arguments). Finally, the problem of relics
is a consequence of the formation of magnetic monopoles predicted by Grand Unified
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Figure 1.3: Illustration of the problem of horizons. Image credit: [20]
Theories (GUT): If the Universe experienced a GUT phase transition, one monopole
would have formed inside each particle horizon. Without inflation, and for a GUT
transition taking place at around 1015 GeV, this would correspond to an abundance of
approximately one magnetic monopole per nucleon today. Since this is not the case
(magnetic monopoles have not been observed at all), a mechanism that explains the lack
of monopoles is required if the formation of Standard Model particles through symmetry
breaking in a GUT is assumed.
• Definition of inflation: The simplest definition of inflation is as a phase of accelerated
expansion:
ä > 0. (1.2.1)
Therefore, the comoving Hubble radiusa (aH)−1 decreases with time, and comoving
scales become bigger than the horizon (‘leave’ the horizon) during inflation. As a
consequence inflation solves the problem of horizons: The light cones of different points
in the CMB intersected before the ‘Big Bang’. In the context of inflation, the Big Bang
is not understood as the beginning of the Universe, but as the point of transition between
an inflationary universe, and the Universe of increasing comoving Hubble radius (Fig.
1.4). The condition (1.2.1) is equivalent to:
aIn order to simplify the notation, the rest of this chapter uses units such that c = ~ = kB = 1 where ~ is the
Planck constant and kB is the Boltzmann constant.
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which, in the limiting case, indicates that |Ḣ | << H2 and the expansion is nearly
exponential a ∝ eHt . Assuming that during this period the Universe is dominated by a
component with a constant equation of state, the Friedmann equation (1.1.23a) and the
condition (1.2.2) can be combined to obtain:
ρ + 3p < 0. (1.2.3)
Since the energy density is assumed to be positive, inflationary expansion requires neg-
ative pressure (i.e. a violation of the strong energy condition). Note how this solves the
problem of flatness: During inflation Ωk ∝ (aH)−2 decreases with time. Therefore, an
order unity initial value of |Ωk | can be brought down to negligible values. Inflation solves
the problem of relics such as magnetic monopoles since their density can be diluted away
during inflation.
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• Mechanisms driving inflation: Most models of inflation assume that the inflationary
Universe is dominated by one ormore scalar fields. Furthermore, it is usually assumed that
these fields are spatially homogeneous, under the assumption that any inhomogeneities
are quickly smoothed out by the rapid increase of the scale factor. The most general
Lorentz invariant Lagrangian satisfying physical requirements (to be more concrete, that
have a particle interpretation after quantization) for N fields with a standard kinetic term




∂µφm∂µφn − V (φ1, ..., φN ). (1.2.4)
For a single, homogeneous field (N = 1) on a Friedmann-Lemaître-Robertson-Walker
(FLRW) spacetime, this leads to:




From theLagrangian (1.2.4), using its invariance under space-time translation, the energy-





























φ̇2n − V . (1.2.7)
• Slow-roll inflation: Eq. (1.2.7) indicates that negative pressure can be achieved with
a sufficiently slowly varying scalar fielda. This can be realized by an inflaton field that
dominates the energy content of the Universe during this epoch and slowly ‘rolls down’
a hill in the potential (Fig. 1.5). For a single scalar field, slow-roll inflation requires
the limiting case of the condition (1.2.2) (exponential inflation, |Ḣ | << H2). Using
the Friedmann equation (1.1.23a), combined with the energy density and pressure of
a homogeneous canonical scalar field (1.2.7) and its evolution equation (1.2.5), this
condition can be expressed in terms of the field and its potential:
3H φ̇ ≈ −
dV
dφ
⇔ |φ̈| << 3H |φ̇|. (1.2.8)
aFor simplicity, single field inflation is assumed throughout the rest of the present chapter.
18 Chapter 1. Introduction
Figure 1.5: Toy example of a slow-roll potential. Inflation takes place in the flat
region of the potential. Once the slope becomes steep enough, slow-roll regime breaks
and inflation ends. The inflaton then oscillates around the minimum of the potential,
starting the process of reheating. Image credit: [23].
These are called flatness conditions, and they can be formulated in a more compact form


















where MP is the reduced Planck massa. The flatness conditions are then equivalent to









• Duration of inflation While inflation could last for an arbitrarily long time, it is neces-
sary to ensure inflation lasts enough to allow the scale corresponding to the observable
Universe today H−10 to leave the Hubble horizon. The number of e-folds of inflation after
the scaleb k−1 has left the horizon is defined as:




where ak and aend are the values of the scale factor when the scale k−1 leaves the
horizon and when inflation ends respectively. Since the scale k leaves the horizon when
k−1 = (aH)−1, for nearly constant H the number of e-folds between two scales is:
aThe reduced Planckmass is MP ≡
√
~c/(8πG), which for our choice of units is simplified to MP ≡ (8πG)−1/2.
bThroughout this section, scales of size L are often defined by their size in Fourier space k = 1/L.
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Figure 1.6: Evolution of the comoving Hubble horizon. The Hubble horizon (black)
decreases during inflation and then starts increasing after inflation. Comoving scales
(blue) exit the horizon during inflation, becoming superhorizon scales, and later
reenter. When dark energy becomes the dominant component, the horizon starts
decreasing again.







The number of e-folds required to ensure that the scale H−10 corresponding to the ob-
servable Universe today was inside the Hubble radius during inflation depends on the
choice of models of both inflation and reheating (a process that will be discussed later
in this section). Assuming instantaneous transition between inflation and reheating, the
minimum number of e-folds required is [24]:


















where ρ∗ is the energy density at the end of inflation, and Trh is the reheat temperature
that will be defined in more detail in the following subsection. Under these conditions,
the minimum number of e-folds of inflation required is N ∼ 60. Instead of using the
scale H−10 , it is common to use a pivot scale k0 to define the amount of inflation required.
1.2.2 The Primordial Curvature Perturbation
The prediction of fluctuations that can eventually evolve into the large-scale structurewe observe
today is the most important consequence of the theory of inflation. During inflation, the initial
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conditions for the study of cosmological fluctuations and the formation of structure in the
Universe are set. The previous subsection introduced the concept of horizon exit: During
inflation, the horizon is decreasing, and comoving scales leave the horizon. After inflation,
these scales reenter the horizon as it increases with time (Fig.1.6). Superhorizon scales cannot
undergo gravitational collapse, so their evolution is straightforward. Only after entering the
horizon can gravitational collapse occur.
• Perturbations to the FLRWmetric: The most general perturbation to the FLRWmetric
in conformal time (1.1.32) can be expressed as:
ds2 = a2(η)
{
−(1 + 2A)dη2 − 2Bidηdxi +
[





In this equation, A and D are scalar fluctuations, Bi is a vector fluctuation, and Ei j is
a tensor fluctuation. These fluctuations can be decomposed in an SVT decomposition
consisting of scalar, divergenceless vector, and traceless tensor components [25]. The
SVT decomposition is particularly useful in cosmology, since at linear, order scalar,
vector and tensor modes evolve independently. Throughout the rest of this introduction,
we focus on scalar perturbations, since vector perturbations decay with the expansion
of the Universe [6], and primordial tensor perturbations have not been detected at the
moment of writing this thesis. Tensor perturbations will briefly be discussed at the end of
this section. The symmetries of the Universe allow us to fix two of the four scalar degrees
of freedom through the choice of a coordinate system, often referred to as a choice of
gauge. In the Newtonian gauge, the scalar parts of the vector and tensor perturbations B




−(1 + 2Ψ )dη2 + (1 − 2Φ)δi jdxidx j
]
. (1.2.15)
The difference between Ψ and Φ is anisotropic stress which will not be considered
throughout this thesis (Ψ =Φ).
• The primordial curvature fluctuation: The primordial curvature fluctuation ζ is a





where x ′ ≡ dx/dη andH ≡ a′/a. ζ parameterizes quantum fluctuations created during
inflation and it is conserved on superhorizon scales. Thus, its value at horizon crossing
k = aH is conserved until scales reenter the horizon after inflation.
1.2. History of the Universe 21
• Quantum fluctuations Primordial perturbations from inflation originate as the fluctu-
ations of a quantum field. This subsection uses a different gauge called the spatially-flat
gauge, which significantly simplifies the calculations. In this gauge D = E = 0 in Eq.






This field can be expanded as a homogeneous background field φ̄ and a perturbation δφ:
φ(t, x) = φ̄(t) + δφ(t, x). (1.2.18)
Note that φ is a classical field while δφ is treated as a quantum field and therefore
promoted to an operator δ̂φ. This expansion is only possible because the energy scale of
inflation is much smaller than the Planck energya, therefore a quantum theory of gravity
is not needed to describe φ, and it can instead be described by a quantum field δ̂φ imposed
on a classical background φ̄. Perturbations to the metric in the spatially-flat gauge are
suppressed relative to the perturbations to the inflaton field. It is convenient to redefine
the fluctuation as f̂ = aδ̂φ, so:




This expansion can be used in the Lagrangian (1.2.4). Minimization of the action to
second order in the fluctuations leads to:
f̂ ′′ − ∇2 f̂ −
a′′
a
f̂ = 0, (1.2.20)




i f is the spatial gradient of f . This is called the Mukhanov-Sasaki
equation [27; 28; 29], and it describes the quantum fluctuations to the inflaton field. It is







f̂k = 0. (1.2.22)
After selecting the appropriate initial conditions, the solution to this equation is:
aThe Planck energy is given by Ep =
√
~c5/G, which given our choice of units is simplified to Ep = G−1/2.





e−ik·x fk, fk =
∫
d3xeik·x f (x). (1.2.21)











• Power spectrum: The quantum operator f̂ has zero expectation value 〈 f̂ 〉 = 0 and
variance:







| fk (t) |2. (1.2.24)
The dimensionless power spectrum is defined as:
∆2f (k, t) ≡
k3
2π2
| fk (t) |2. (1.2.25)
The dimensionless power spectrum of the primordial fluctuations can be obtained from
Eq. (1.2.23):









On superhorizon scales, this is reduced to:







• Primordial power spectrum: The power spectrum of the primordial curvature perturb-
ations is obtained from the power spectrum of primordial fluctuations on superhorizon




















This quantity is called the primordial power spectrum. Because the right hand of Eq.
(1.2.29) is evaluated at k = aH , it depends only on the wave number k, and both H
and εH are slowly varying functions of time, the power spectrum is close to constant.
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The parameter ns, that quantifies deviations from a scale-invariant power spectrum (in-
dependent of k), is called the spectral index. The spectral index can be approximated to
first order in the Hubble slow-roll parameters as:
ns − 1 = −2εH − ηH . (1.2.31)
A similar expression can be found for the running of the spectral index, defined as the
departure from a power-law spectrum nrun ≡ dns/d(log k). The latest constraints from
Planck are consistent with a vanishing value of the running of the spectral index [30].
• Primordial gravitational waves: The derivation of the primordial power spectrum for
scalar perturbations can be repeated for tensor perturbations introduced at the beginning
of this section, which are sourced by gravitational waves. The primordial spectrum of












This ratio can be related to the Hubble slow-roll parameters through r = 16εH [10].
Observations to date have not detected primordial tensor perturbations.
• Reheating: Reheating is a poorly understood process and the subject of ongoing research
beyond the scope of this introduction (for a review, see [31]). This section presents a
‘sketch’ of the main processes that are accepted by most theories of reheating, but the
details are highly model dependent and poorly understood: During inflation, all the
energy in the Universe is contained in the scalar field driving inflation. When the inflaton
potential becomes too steep for the slow-roll conditions to be satisfied, inflation ends.
The inflaton then starts to oscillate around the minimum of the potential V (φ), losing
its energy density via couplings to other particles. This leads to the inflaton decaying
into particles. Because these particles are not in thermal equilibrium, they interact until
reaching thermal equilibrium at a reheat temperature Trh (mentioned in the previous
section). Once this temperature is reached, the Universe is dominated by radiation in
thermal equilibrium at a very high temperature (T  100 GeV), starting the Hot Big
Bang.
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1.2.3 The Hot Big Bang
This section focuses on the main processes of the Big Bang Theory. We start this thermal
history of the Universe with a ‘primordial plasma’ or ‘thermal bath’ of particles in thermal
equilibrium at T  100 GeV, since at those temperatures all Standard Model particles are
relativistic, i.e. their typical energies are much greater than their masses T  m. Particles
remain in thermal equilibrium with the primordial plasma while their interaction rate Γ is much
bigger than the expansion rate H , where:
Γ = nσv, (1.2.34)
with n the number density of particles, σ the cross-section for the interaction, and v the average
velocity of the particles. When Γ ∼ H , those components are said to decouple from the
primordial plasma. Particles in thermal equilibrium follow Fermi-Dirac and Bose-Einstein
distributionsa , which for non-relativistic particles leads to an exponential suppression of the
number density, energy density and pressure with respect to relativistic particles. Therefore, the
number density of the primordial plasma is dominated by relativistic species, and its temperature
provides an alternative measurement of time, since in order to maintain a thermal distribution,





We now study themain processes that take place through the thermal history of theUniverse.
Starting with a Universe formed by a primordial plasma at T  100 GeV:
• Baryogenesis: An asymmetry between the amount of matter and anti-matter is produced.
Such asymmetry is known to exist, but themechanism causing it is not yet known [32; 33].
• Electroweak Phase Transition (T ∼ 100 GeV): Particles receive mass through the
Higgs mechanism.
• QCD Phase transition (T ∼ 150 MeV): Quarks and gluons combine to form baryons
and mesons. The latter are unstable and eventually decay, leaving only neutrons and
protons.
At a temperature T ∼ 1 MeV, the Universe is formed of radiation consisting of photons,
neutrinos, electrons and positrons; and non-relativistic baryons. Three important events take
place around this time:







where µ is the chemical potential, the + sign corresponds to fermions, and the − sign to bosons.
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• Neutrino decoupling: The strength of weak interactions starts to decrease below T ∼
100 GeV since electroweak symmetry breaking leads to the gauge bosons W± and Z
that mediate weak interactions receiving masses. At T ∼ 1 MeV, the rate of weak
interactions falls below the expansion rate. As a consequence, neutrinos, which only
interact weakly with the cosmic fluid, decouple. Because neutrinos decouple while they
are still relativistic, they maintain a Fermi-Dirac distribution with temperature Tν ∝ 1/a.
Weakly interactive massive particles with masses of typically m ∼ 10 GeV, the main
candidate for dark matter, could also freeze out when T ∼ 1 MeV, thus their total number
na3 freezes, which can be derived from their Boltzmann equation.
• Electron-positron annihilation (T ∼ 0.5 MeV): The temperature of the photons falls
below the mass of the electron. Electron-positron pairs can no longer be formed from
photon-photon collisions, so they start annihilating, and continue to do so until only a
number of electrons equal to the number of protons is left. This process has the effect of
boosting the temperature of the photons by a factor of (11/4)1/3 relative to the neutrino
temperature because of entropy conservation.
• Big Bang nucleosynthesis: It starts when the reaction rate for the reactions:
n↔ p + e + 3̄e, (1.2.37a)
n + 3e ↔ p + e, (1.2.37b)
falls below the expansion rate. The neutron to proton ratio is then frozen at a value that
is set by the temperature of freeze-out, with the exception of the decay of free neutrons,
which continues until the temperature of the primordial plasma drops below T ≈ 1 MeV,
when deuterium production becomes important. After this, through a series of reactions,
nearly every neutron left ends up locked into helium-4.
After these processes, photons and electrons are tightly coupled via Thomson scattering
and electrons and protons are tightly coupled via Coulomb interactions. The net effect is that
the primordial plasma consists of photons, electrons and protons, until recombination.
• Recombinationa (z ≈ 1100,T ≈ 0.25 eV): At T >∼ 1 eV, equilibrium between baryons
and photons is maintained below the ionization potential of hydrogen (BH = 13.6 eV)
by the low baryon-to-photon ratiob η = 5.5 × 10−10(Ωbh2/0.20). However, as the
temperature drops, dissociation of hydrogen atoms becomes less frequent, and the number
density of free electrons drops very sharply. This is described very approximately by the
Saha ionization equation [35; 36; 37]:
aThe term recombination is misleading since this is the first time nuclei and electrons combine.
bWe have defined h ≡ H0/100 as the reduced Hubble constant.
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Figure 1.7: Evolution of the free electron fraction, defined as Xe ≡ ne/nb . The curves
show the solution predicted by the Saha equation, and by a numerical solution of the
Boltzmann equation. Note how the Saha equation is only valid while equilibrium
is maintained, and clearly shows the drop in the number density of free electrons at














eBH /T , (1.2.38)
where Xe ≡ ne/nb is the free electron fraction, ne and nb are the number density of
electrons and baryons respectively and me is the electron mass. The dashed line in Fig.
1.7 shows the evolution of the free electron fraction predicted by the Saha equation. As
illustrated by the figure, the Saha approximation breaks down as the electron fraction
decreases, since the decrease in the density of free electrons leads to a decrease in their
interaction rate, and therefore to the breaking of thermal equilibrium. To track the free
electron abundance, it is therefore necessary to solve a Boltzmann equation, which as
shown by the continuous line in Fig. 1.7, leads to the freeze-out of a small number of
free electrons.
• Photon decoupling: As mentioned above, before recombination, electrons are strongly
coupled to the baryons through Thomson scattering with free electrons. After recom-
bination, the number density of free electrons drops very quickly, and as a consequence,
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the Thomson interaction rate falls below the expansion rate. The photons then decouple
from the baryons and free stream through the Universe. These photons form the cosmic
microwave background (CMB).
After these two processes, the Universe is neutral, formed mostly of hydrogen atoms and
both the CMB radiation and the neutrinos free streaming. This time is known as the Dark
Ages. The Universe is mostly ionized today; thus there must be a stage in which the Universe
is reionized:
• Reionization: The dark ages extend from recombination (z ≈ 1100) until z ∼ 10 when
matter starts to collapse around overdensities (which will be described in the following
section) until the first stars and galaxies are born. The radiation from these stars and
galaxies is energetic enough to ionize the neutral hydrogen. Reionization is a field of
ongoing research, because of its importance not only for cosmology but also for star and
galaxy formation. There is, therefore, a vast range of scenarios of reionization that are
beyond the scope of this introduction. For cosmological purposes, nearly instantaneous
reionization taking place at a redshift zre is commonly assumed.
1.2.4 Cosmological Perturbation Theory
Having introduced the thermal history of the Universe, it is possible to study the evolution
of different perturbation modes after they reenter the horizon. The study of perturbations
in cosmology is an extremely complex topic, so a detailed study is beyond the scope of
this introduction. A particularly comprehensible and detailed analysis of perturbations in
Cosmology can be found in [6].
The evolution of each component of the cosmic fluid is dictated by the difference between
gravity, which tries to increase the overdensities, and random motions that tend to reduce them.
The distributions of different components are related through different interactions, leading to
a large number of coupled equations describing the evolution of all components. The total
density and pressure of the Universe can be separated into a homogeneous background and a
perturbation:
ρ = ρ̄ + δρ, p = p̄ + δp. (1.2.39)
This section focuses only on scalar perturbations in the Newtonian gauge (1.2.15), assumes no
anisotropic pressure, soΨ = Φ, and uses conformal time η. The Einstein equations (1.1.9) for
28 Chapter 1. Introduction
the perturbations yield [10]:
∇2Φ − 3H (Φ′ +HΦ) = 4πGa2δρ, (1.2.40a)
Φ′ +HΦ = −4πGa2( ρ̄ + p̄)v, (1.2.40b)
Φ′′ + 3HΦ′ + (2H ′ +H 2)Φ = 4πGa2δp. (1.2.40c)
where, again, x ′ ≡ dx/dη and H ≡ a′/a, and v is the 3-velocity, which is zero in the absence
of perturbations. In addition, from conservation of the perturbed stress energy tensor ∇µTµν,

















δ = 0, (1.2.40d)




where δ ≡ δρ/ρ̄ is the fractional overdensity, and the expression for the sound speed c2s ≡ p̄′/ρ̄′
valid for adiabatic fluctuationsa is used. The last equation required is the curvature perturbation
ζ expressed in Newtonian gauge:









These equations cannot be solved analytically and require numerical methods. The present
section describes the qualitative behaviour for each component:
• Gravitational Potential
– On superhorizon scales, the curvature potential remains constant. However, while
the curvature perturbation remains constant through the transition from radiation
to matter domination, the gravitational potential decreases by a factor of 9/10
(ΦMD = 9/10ΦRD).
– In a matter dominated Universe, the the gravitational potential on subhorizon scales
also remains constant.
– During radiation domination, the gravitational potential on subhorizon modes os-










aAdiabatic perturbations are generated by a single inflaton field, and as a consequence all the components of
the Universe are coupled and evolve under the same equation of state during inflation. Adiabatic perturbations will
be assumed throughout this thesis.
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• Radiation
– On superhorizon scales, fluctuations in the radiation density in the Newtonian gauge
also remain constant, and are related to the superhorizon gravitational potential in
the radiation dominated era by δr ≈ −2ΦRD, where δI ≡ δρI/ρ̄I is the fractional
overdensity for a given species.
– Subhorizon fluctuations oscillate with constant amplitude, around δr = 0 during
radiation domination, and around −4ΦMD(k) during matter domination. These os-
cillations are called acoustic oscillations, and they will be discussed in the following
section.
• Dark Matter
– Matter fluctuations also remain constant on superhorizon scales, and they are related
to radiation fluctuations by δm = (3/4)δr assuming adiabaticity.
– Subhorizon fluctuations grow logarithmically during radiation domination δm ∝
log a, and linearly during matter domination δm ∝ a. For a dark energy dominated
Universe, matter fluctuations remain constant.
– For matter fluctuations, the transfer function T (k, z) relates matter perturbations to
the primordial curvature perturbation
∆m(k, z) = T (k, z)ζk, (1.2.42)
where ∆m ≡ ∇2Φ/(4πGa2 ρ̄) is the comoving gauge density contrast. The matter
power spectrum is defined as:
Pδ (k, z) ≡ |∆m(k, z) |2 = T2(k, z) |ζk |2 . (1.2.43)
For scale-invariant initial conditions |ζk |2 ∝ k−3, the matter power spectrum grows
linearly Pδ ∝ k for k < keq, and decays as k−3 for k > keq. In linear theory, the





δ(k, z = 0). (1.2.44)
• Baryons
– Before photon decoupling, baryons are tightly coupled to photons, with vγ = vb
and δγ = (4/3)δb. The baryons therefore undergo acoustic oscillations.
– Because dark matter perturbations grow during radiation and matter equality, right
after decoupling |δc |  |δb | on scales much smaller than the Hubble radius. Then
the baryons fall into the dark matter potential wells, so δb → δc.
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– These acoustic oscillations followed by gravitational collapse after photon decoup-
ling leave an imprint in the large scale structure that will be discussed in the
following section.
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Figure 1.8: The CMB brightness as a function of frequency. The solid black line is
the best fit blackbody spectrum. Image credit: [38]
1.3 Methods to Observe the Universe
The previous two sections have presented an overview of the ΛCDM model, which describes
the background Universe and its fluctuations. The present section focuses on the different
techniques to observe the Universe and their results. Cosmological observations are highly
challenging, and only in the last decades have the various methods started to provide precise
constraints on cosmological parameters, starting what is called the era of precision cosmology.
Higher accuracy in cosmological observations has also shown tensions in parameters estimated
using different techniques. Such discrepancies can be caused by systematic effects, experimental
or statistical errors, or by problems with the theoretical model, in this case, ΛCDM. This thesis
presents a detailed study of the significance and possible causes of some of these discrepancies.
The discussion in this section will focus on the observational techniques that feature in
the remaining chapters of this thesis: CMB temperature and polarization anisotropies (Sec.
1.3.1), weak galaxy lensing (Sec. 1.3.2), baryon acoustic oscillations (Sec. 1.3.3) and type Ia
supernovae (Sec. 1.3.4). Other observational methods that are not so relevant to this thesis are
also briefly introduced: CMB lensing in Sec. 1.3.5, redshift-space distortions is Sec. 1.3.6,
and standard sirens in Sec. 1.3.7.
1.3.1 Cosmic Microwave Background Anisotropies
• Detection: The concepts of recombination and photon decoupling were introduced in
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the previous section: After electrons and protons combine to form hydrogen, the rate of
Thomson scattering drops very rapidly, and photons free stream through the Universe.
These photons constitute the Cosmic Microwave Background (CMB). The existence of
the CMBwas predicted in themidst of the argument between those favoured a steady state
Universe that maintains a constant mass density [39] and those who favoured an evolving
Universe whose light elements had formed via primordial nucleosynthesis during an early
hot dense phase [40; 41; 42]. The latter group forecasted the existence of a CMB if their
model of the Universe was correct [43]. The first detection of the CMB, which confirmed
the Big Bang Theory, took place accidentally by a group trying to detect radio waves
bounced off Echo balloon satellites [44].
The CMB follows a nearly perfect blackbody shape (Fig. 1.8), and it is highly
isotropic over the entire sky, which as mentioned in the previous section is the origin
of the problem of horizons. However, we now know that the temperature of the CMB
is not entirely uniform over the sky. The CMB has small temperature anisotropies that
originate from the fluctuations described in the previous section. These small anisotropies
(∆T/TCMB ∼ 10−5) were first detected by the Cosmic Background Explorer (COBE [45]),
and further measured with higher accuracy by the Wilkinson Microwave Anisotropy
Probe (WMAP) and Planck teams [1; 21; 46; 47], as well as ground based experiments
[48]. The effect of the fluctuations can also be detected through the polarization of the
CMB radiation, which was first discovered by the Degree Angular Scale Interferometer
(DASI) [49] and has beenmeasured to high precision byPlanck, the South Pole Telescope
(SPT) [50] and the Atacama Cosmology Telescope (ACT) [51].
• Temperature anisotropies: Anisotropies in the CMB temperatureΘ(n̂) ≡ ∆T (n̂)/TCMB









The coefficients of this expansionΘ`m have zero mean, but non-zero variance. The CMB
power spectrum C` is defined as:









where θ and φ are the polar and azimuthal coordinates respectively, and Pm
`
(x) are the associated Legendre
polynomials:














is frequently used. If the temperature anisotropies are Gaussiana, all their statistical
information is contained in their power spectrum. Slow-roll single field inflation does
not lead to detectable non-Gaussianity [52; 53], therefore a detection of primordial
non-Gaussianity in the CMB would be indicative of inflation with multiple fields [54;
55; 56; 57; 58; 59; 60] or a departure from ordinary single-field slow roll inflation
[61; 62; 63; 64; 65; 66; 67; 68; 69]. However, Planck has placed very tight-constraints
on non-Gaussianity, and obtained consistency with a Gaussian primordial perturbation
[30; 70].
• Main features of the CMB temperature spectrum: Fig. 1.9 shows the temperat-
ure power spectrum measured by Planck. There are three main features in the CMB
temperature spectrum:
– The large-scale plateau consists of scales that cross the Hubble radius after recom-
bination (` <∼ 100). These scales are not affected by pre-recombination physics and
therefore reflect the primordial curvature perturbation, through the parameters As
and ns. For a nearly scale-invariant primordial power spectrum, C` ∝ [`(` + 1)]−1
in this regime.
– Acoustic oscillations form themost prominent features in the CMB power spectrum.
Themechanism that causes these oscillationswas introduced in the previous section:
The baryon-photon fluid oscillates before recombination due to the opposing effects
of gravity and radiation pressure. At photon decoupling, the maxima and minima
of these oscillations are imprinted in the CMB radiation. The position of the peaks
provides a measurement of the extrema of these oscillations at last scattering, and
in particular of the sound horizon at radiation drag rd, which measures the distance







where zd is the redshift at photon decoupling and cs (z) is the sound speed in the
photon-baryon fluid [72]:







T ·C−1 ·x, (1.3.5)
where N is the number of dimensions, C is the covariance matrix and |C| is its determinant.


































Figure 1.9: Planck 2018 temperature power spectrum. The vertical axis shows
D` ≡ `(` + 1)C`/(2π). Blue points are the observed data and the red line shows the
best fit ΛCDM cosmology. Scales change from logarithmic to linear at ` = 30. The












The sound horizon serves as a standard ruler, and the position of the acoustic peaks
can therefore constrain parameters such as Ωm, Ωb, Ωr , Ωk and H0.
– The Silk damping tail [73] affects small scales: The mean free path of photons
before recombination is not actually zero. Before scattering at recombination,
photons follow a random walk within the baryon-photon fluid. This random walk
mixes cold and hot photons in the plasma, and therefore smooths the anisotropies






where N is the number of steps in the random walk, λc is the mean-free path
to Compton scattering, and η? is the conformal time at recombination. The Silk
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scale corresponds to an angular scale ` ∼ 1000. At higher multipoles, the CMB
anisotropies are suppressed by Silk damping.
• SecondaryAnisotropies: While the three main features driven by recombination physics
dominate the shape of the temperature power spectrum, the propagation of the CMB
photons between recombination and the present time is affected by a series of processes
that alter the CMB power spectrum, and provide useful information about the Universe
at z < 1100:
– Integrated Sachs-Wolfe effect (ISW) [75]: Photons that propagate through a chan-
ging gravitational potential are redshifted or blueshifted, which imprints an extra
anisotropy. As previously mentioned, gravitational potentials are constant during
matter domination, but they vary if there is a significant contribution from radiation
or dark energy, which is the case for early and late times respectively.
– CMB lensing: The path of photons as they propagate is affected by the large-scale
structure through gravitational lensing. This has the effect of smoothing the acoustic
peaks of the CMB spectra. CMB lensing can be used as a cosmological probe on
its own, and will, therefore, be further discussed in Sec. 1.3.5.
– Reionization: Reionization was introduced in the previous section: At z <∼ 10 the
formation of the first stars ionizes the Universe. The presence of free electrons
from this point onward means that a fraction (1 − e−τre ) of CMB photons undergo
Thomson scattering after reionization, where τre is the optical depth to reionization
defined as the line-of-sight opacity of the CMB radiation with respect to Thomson





where χre is the comoving distance to reionization, σT is the Thomson scattering
cross-section and ne is the number density of free electrons. As a consequence, the
power spectrum on scales that enter the horizon before reionization is damped by
e−2τre .
– Sunyaev-Zel’dovich effect: CMB photons undergo inverse Thomson scattering with
high energy electrons in galaxy clusters [76; 77; 78]. There are two types of SZ
effect: Thermal SZ,where the photons are boosted in energy via Compton scattering
with the electrons in the cluster gas, and a subdominant kinematic SZ where the
source is the bulk motion of the clusters. The thermal SZ effect increases the energy
of the CMBphotons and therefore distorts its spectrum to higher frequencies. While
the thermal SZ can be detected via its frequency dependence, the kinematic SZ is
frequency independent.






































































Figure 1.10: Planck 2018 temperature power spectrum. The vertical axis on the left
plot shows D` ≡ `(` + 1)C`/(2π). Red points are the observed data and the blue
line shows the best fit ΛCDM cosmology. Scales change from logarithmic to linear at
` = 30. The lower panels show residuals with respect to the best fits. Image credit:
[1].
• Polarization: Temperature anisotropies are not the only source of information from
CMB radiation. Their polarization pattern provides complementary information to the
temperature anisotropies. In the rest frame of the electrons, scalar perturbations to the
metric generate a quadrupolar component of the radiation field. This leads to a linear
polarization of the scattered radiation through Thomson scattering at recombination.
Tensor perturbations, which originate from gravitational waves, also produce polarization
(for a more detailed discussion about CMB polarization see [79; 80]).
For a given choice of spatial coordinates { x̂, ŷ, ẑ}, the electric field for electromagnetic
radiation of angular frequency ω traveling in the ẑ direction can be expressed as:
Ex = ax cos(ωt − φx ), Ey = ay cos(ωt − φy). (1.3.10)
This polarization can then be decomposed into four Stokes parameters:
I = a2x + a
2
y, (1.3.11a)
Q = a2x − a
2
y, (1.3.11b)
U = 2axay cos(φx − φy), (1.3.11c)
V = 2axay sin(φx − φy). (1.3.11d)
The first parameter is the intensity, Q and U are the linear-polarization parameters, and
V is the circular-polarization parameter, which is always zero in the case of the CMB
radiation as Thomson scattering does not create circular polarization. The quantities
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(Q ± iU)(n̂) are spin-2 objects, i.e. under a rotation of the reference frame around n̂ by
an angle θ:
(Q ± iU)(n̂) → e∓2iθ (Q ± iU)(n̂). (1.3.12)
A spin-2 object on the sphere can be expanded in a basis of spin-2 spherical harmonicsa:





(E`m ± iB`m)±2Ỳ m(n̂). (1.3.14)
The names of the E and B components originate from the analogy with electric and
magnetic fields, since these modes are curl and divergence free respectively. In the CMB,
scalar perturbations only generate E-mode polarization because of their parity, as long
as gravitational lensing is neglected [82; 83]. This means that a detection of B-modes
in the CMB polarization pattern after correcting for lensing would be a detection of
primordial gravitational wavesb, which are predicted by some models of inflation. At the
moment of writing this thesis, no such detection has been made, though the B-modes
generated by lensing have been detected. For the rest of this thesis, primordial B-mode
polarization will therefore be ignored. In analogy with the temperature case, the E-mode




Finally, further information can be obtained from the cross-correlation between temper-




The three spectra (1.3.4), (1.3.15) and (1.3.16) which will henceforth be called TT, EE
and TE respectively, are shown in Figs. 1.9 and 1.10.










s ð̄−sỲ m, s ≤ 0; (1.3.13b)
where |s | ≤ l, and ðη and ð̄η are the spin raising and lowering operators respectively [81]:

























bTopological defects that could form in symmetry-breaking transitions in the early Universe, such as monopoles,
strings and domain walls, would also generate both vector and tensor modes [84; 85; 86; 87; 88; 89], and as a
consequence would also generate a B-mode signal [90].
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Parameter Symbol Best fit value and 68% limits
Cold dark matter density Ωch2 0.1202 ± 0.0014
Baryon density Ωbh2 0.02236 ± 0.00015
Hubble parameter h 0.6727 ± 0.0060
Optical depth to reionization τre 0.0544+0.0070−0.0081





Scalar spectral index ns 0.9649 ± 0.0044
Table 1.2: Best fit values and 68% limits for the constraints from Planck 2018
TT+TE+EE+lowE [1].
• The Planck cosmology: The CMB is the only cosmological probe that can simul-
taneously constrain all six parameters in the standard ΛCDM model of cosmologya{
Ωbh2, Ωch2, H0, τre, As, ns
}
where h ≡ H0/100. Note that different combinations of
these six parameters are commonly used to parameterize ΛCDM. The strongest con-
straints on these parameters come from observations of the Planck satellite, and are
shown in table 1.2 obtained from the 2018 Planck Legacy Archive (PLA) tablesb. Planck
is a space telescope that observes the whole sky in nine different frequencies between 30
and 857 GHz to produce maps of temperature and polarization anisotropies as well as to
clean different foreground contamination and systematics. The standard ΛCDMmodel of
cosmology with the Planck best-fit parameters will be henceforth referred to simply as the
Planck cosmology. The remaining chapters of this thesis will explore inconsistencies in
derived parameters between Planck and other experiments and assess their significance,
since differences in parameters could reflect new physics beyond standard ΛCDM.
1.3.2 Weak Galaxy Lensing
Gravitational lensing is the deflection of light by an intervening gravitational field along the
light of sight. The term strong lensing refers to cases where lensing is within or close to the
Einstein radius [91; 92] and therefore the lensing effect of a single source can be detected.
The opposite case is weak lensing, in which the lensing effect is significantly smaller, and
frequently distortions on the galaxy images cannot be differentiated from the intrinsic ellipticity
of individual galaxies, and lensing has to be measured through correlations in the shapes
and orientations of galaxy images. This subsection focuses on gravitational lensing by the
large-scale structure of the Universe, also known as cosmic shear, as it provides extensive
information about cosmology. The effect of lensing by the large-scale structure on galaxy
images is a distortion of order one percent and therefore falls in the category of weak lensing.
aThe term standard or ‘vanilla’ ΛCDM refers to a flat Universe Ωk = 0 with a power law primordial power
spectrum.
bhttp://www.cosmos.esa.int/web/planck/pla.
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There are numerous available reviews on the theory and observations of weak gravitational
lensing [e.g. 93; 94; 95; 96].
• Lensing potential: All weak lensing quantities can be defined as a function of a lensing
potential φ:




S( χ − χ′)
S( χ)S( χ′)
Φ(n̂, χ′), (1.3.17)
where Φ(n̂, χ) is the gravitational potential at an angular point n̂ and a time z( χ), and
S( χ) is given by Eq. (1.1.12). The integration of this potential along the line of sight
and weighted with a redshift distribution function n( χ) yields:
φ(n̂) =
∫




q( χ′)Φ(n̂, χ′), (1.3.18)





S( χ − χ′)
S( χ)
n( χ). (1.3.19)
The deflection angle is obtained as the angular gradient of the lensing potential α(n̂) =
∇φ(n̂). Weak lensing surveys measure the effect of lensing at different redshifts using
tomographic bins, which translate into different redshift distributions ni ( χ).








The lensing correlation function or lensing angular power spectrum is defined in the same





Using (1.3.18) combined with Poisson’s equation, and the Limber and flat-sky ap-
proximations (see Chapter 5 for an extended discussion about these approximations and
their effects), the lensing correlation function can be expressed in terms of the matter















1 + z( χ)




aNote that our lensing efficiency is defined as a dimensionless quantity, as opposed what is frequently done in
the literature [e.g. 97; 98].
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where i, j denote the tomographic redshift bins.
• Shear: The observable in weak lensing is the shear, related to the gravitational potential





Shear is a spin-2 object, and can therefore be decomposed in E and B modes:
γ(n̂) =
∑
`m(ε`m + i β`m) 2Ỳ m(n̂), (1.3.24a)
γ∗(n̂) =
∑
`m(ε`m − i β`m) −2Ỳ m(n̂). (1.3.24b)
Gravitational lensing only produces E-modes, therefore the E-mode power spectrum
contains all the information about the shear and is usually called shear power spectrum:









1 + z( χ)
]2 qi ( χ)q j ( χ)Pδ ( ` + 1/2S( χ) , z( χ)
)
, (1.3.25)
where we have used the flat-sky approximation.
• Shear correlation functions: In the context of weak lensing it is common to work in
real space instead of multipole space. This is achieved through the shear correlation











where J0 and J4 are the Bessel functions of the first kinda.
• Intrinsic alignments: Weak lensing measurements are affected by a large number of
systematics. Amongst the the most significant are intrinsic alignments, which are correl-
ations in the physical orientations and shapes of galaxies. The observed shear spectrum
has a contribution for lensing shear (LL), one from intrinsic alignments (II) and one from




















where Γ is the Gamma function.
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where CLL` is given by Eq. (1.3.25). Intrinsic alignments are not a well understood
phenomenon, and as a consequence there are several models for the terms CI I` and C
LI
` .
[99] presents two models, one that assumes galaxies whose mean ellipticities are linear
functions of the tidal gravitational field, and one that assumes a quadratic relation. The
linear model, initially proposed by [100], is most commonly used. In this model, the last
two terms in Eq. (1.3.28) are [101]:










































where D(z) is the linear growth rate of perturbations (Eq. 1.2.44) normalized to unity
at the present day, and C is a normalizing constant, usually chosen to be C = 5 ×
10−14h−2M−1 Mpc3 to make the amplitude parameter AI A of order unity. AI A will be
positive if the alignment of the galaxies is coherent with the tidal field as expected.
Note that this is a very simplified model, that does not consider possible differences in
intrinsic alignments depending on galaxy types and luminosities. Some analysis include
a luminosity dependence in the intrinsic alignment amplitude to account for some of
these effects [97]. Intrinsic alignments will be further discussed in Chapter 6.
• Galaxy clustering and galaxy-galaxy lensing: One way of breaking degeneracies
between cosmological parameters and systematic effects that affect cosmic shear such as
intrinsic alignments is to use additional statistics. Galaxy clustering is a measurement of
the overdensities in the galaxy distribution, which is related to the clustering of matter.

















where nL ( χ) is the redshift distribution of galaxies, and b is called the linear bias, defined
as the ratio of the galaxy overdensity over thematter overdensitya [103; 104; 105]. Galaxy-
galaxy lensing is weak lensing of galaxy images caused by the gravitational field of other
galaxies. For source galaxies j being lensed by lens galaxies i, the shear is given by:
aUsing a linear relation between galaxy and matter distribution, while accurate, is only an approximation [102].
42 Chapter 1. Introduction
Figure 1.11: Marginalized posterior likelihoods showing 68% and 95% confidence
contours. In grey, the results from CHFTLenS [106], in red the results from the KiDS
450-degree analysis in real space [98], in blue, the Planck 2015 results using the
TT+TE+EE+lowTEB likelihood [21].
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• Observations: Cosmic shear was not observed until the year 2000 [107; 108; 109; 110].
The best measurements of cosmic shear to date come from the Canada-France-Hawaii
Telescope Lensing Survey (CFHTLenS) [106], the Kilo Degree Survey (KiDS) [98; 111]
and the Dark Energy Survey (DES) [97]. Because cosmic shear is related to the matter
power spectrum, it is sensitive to the density and clustering of matter parameterized
by Ωm and σ8 respectively, where σ8 is the root-mean-square amplitude of the mass
fluctuations in spheres of radius 8h−1 Mpc. Tension has been reported between weak
lensing and CMB constraints on these parameters, and in particular in the combination
S8 ≡ σ8(Ωm/0.3)0.5. This reported tension, illustrated in Fig. 1.11, motivates the
discussions of Chapters 5 and 6.
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Figure 1.12: First detection of the BAO peak in the galaxy correlation function. The
different lines represent different cosmologies: Ωmh2 = 0.12 in green, Ωmh2 = 0.13
in red, Ωmh2 = 0.14, all of them with Ωbh2 = 0.024. The magenta line is a pure
CDM model Ωmh2 = 0.105 which lacks the acoustic peak. Image credit [113].
1.3.3 Baryon Acoustic Oscillations
Baryon acoustic oscillations (BAO) are oscillations in the baryon-photon fluid that leave an
imprint in the large-scale structure of the Universe when they freeze at recombination [112].
The mechanism behind these oscillations was introduced in the previous section: Because of
the inertia of the baryons, the acoustic peak structure becomes imprinted in the dark matter
distributions, which can bemeasured by using galaxies as a tracer of the darkmatter distribution.
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• Galaxy correlation function: The BAO peak can be observed in the galaxy correlation







where j0 is a spherical Bessel functiona , and we have assumed an isotropic matter power
spectrum. The imprint of BAO in large-scale structure can be used as a standard ruler
in the form of a preferred angular separation between galaxies, corresponding to the
sound horizon at radiation drag rd ≈ 150 Mpc as shown in Fig. 1.12. Spectroscopic
surveys measure this feature in the correlation function with respect to a chosen fiducial
cosmology in the directions parallel and perpendicular to the line of sight, which are
often characterized by the parameters α ‖ and α⊥. These parameters are related to the











where the superscript ‘fid’ refers to the fiducial cosmology. These parameters can be










• Alcock-Paczynski effect: There is a difference in the distortion in the correlation function
in the radial direction and the distortion in the transverse direction arising from the
geometry of the Universe. This is called the Alcock-Paczynski effect [114] and it is
parameterized by theAlcock-Paczynski parameter that measures the ratio of the distortion
along the line of sight and the perpendicular direction:
FAP = (1 + z)DA(z)H (z). (1.3.37)
• Observations: The first observations of the BAO peak were reported at similar times
by the Baryon Oscillation Spectroscopic Survey (BOSS, [113]) and the 2dF Galaxy
Redshift Survey (2dFGRS, [115]). The best constraints on galaxy BAO at the present
time come from BOSS DR12 Consensus measurements [116] probing a redshift range
0.35 < z < 0.65.
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• Quasar BAO Quasars or quasi-stellar objects are extremely luminous active galactic
nuclei that constitute some of the most luminous sources in the Universe, and as a
consequence they can be observed at very high redshifts. Their high luminosity means
that a measurement of the BAO peak of quasars provides information about the large-
scale structure of the Universe at z > 1. Such measurements were recently performed by
the extended Baryon Oscillation Spectroscopic Survey (eBOSS) [117].
• Lyman-α BAO: An alternative tracer of the matter distribution of the Universe that
can be used to measure the BAO peak at a redshift even higher than the quasar BAO
measurement are observations of the Lyman-α (Lyα) forest [118]. TheLyα forest consists
on a series of absorption lines in the spectra of distant objects that maps the distribution of
neutral hydrogen in the intergalactic medium, and as a consequence can trace the matter
distribution of the Universe at high redshift. The most accurate measurements of the Lyα
BAO feature to date come from BOSS DR12 [119] at z = 2.3. Furthermore, additional
information can be obtained from the cross-correlation between Lyα and quasar BAO
[120].
1.3.4 Type Ia Supernovae
• Constraints on density parameters: Type Ia Supernovae (SNe) are supernovae occur-
ring in binary systems in which one of the members is a carbon-oxygen white dwarf
that accretes enough mass to approach the Chandrasekhar limit of 1.44M [121]. Be-
fore reaching this limit, the high temperature of the core ignites carbon fusion, which
causes the supernova explosion. While the details of the physical mechanism behind
this explosion are not well established (see [122] for a review), the stability on the peak
luminosities of type Ia SNe has led to their use as a standard candle. Measurements
of their apparent magnitude m for a given absolute magnitude M prove the luminosity
distance dL through:





+ M − 5. (1.3.38)
dL constrains the dimensionless density parameters ΩI through the relations (1.1.28) and
(1.1.37). Alternatively, low-redshift supernovae can be used to constrain the deceleration
and jerk parameters q0 and j0 defined by Eqs. (1.1.14b) and (1.1.14c) using a low-redshift
expansion such as Eq. (1.1.13).
• Constraints on the Hubble parameter: Note that the luminosity distance is propor-
tional to H−10 , which means that the Hubble constant acts as a normalization factor in
Eq. (1.3.38). This causes a degeneracy between the Hubble constant and the absolute
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magnitude M which cannot be accurately modelled or constrained through observations.
Therefore, SNe alone cannot constrain the Hubble parameter. Constraints on H0 require
calibration of the SNe measurements through what is called the cosmic distance lad-
der [123]: Using measurements of nearby objects whose distances can be accurately
measured to calibrate the luminosity of a standard candle, which can then be used to
calibrate another standard candle. The use of the cosmic distance ladder requires very
high accuracy, as inaccuracies in one of the steps propagate through all themeasurements.
• Observations: The main result from SNe cosmology is the discovery of the accelerated
expansion of the Universe [16; 17], where the relation between observed luminosities
and redshift of SNe, commonly known as a Hubble diagram (Fig. 1.13) clearly rejected
a matter dominated Universe in favour of an accelerating Universe, which requires the
existence of dark energy or a cosmological constant.
Present day observations of SNe are also an interesting topic and central to this thesis.
In particular, cosmic distance ladder constraints using SNe to measure the Hubble para-
meter have been in tension with the CMB predictions since the first CMBmeasurements.
The most accurate constraints to date are those obtained by the Supernovae, H0, for
the Equation of State of dark energy (SH0ES) [125] who used a three-step cosmic dis-
tance ladder consisting on local distance anchors, Cepheid stars and SNe, and obtained
H0 = 73.48 ± 1.66 km s−1Mpc−1, in tension with the latest Planck CMB constraints
at the 3.5σ level. This is the biggest tension in cosmology at the present time, and it
is of particular interest because while CMB measurements need to use a cosmological
model to derive a value of H0, SNe measurements are independent of the cosmology.
As a consequence, there have been numerous attempts to solve this tension introducing
extensions to the ΛCDM cosmology [e.g. 126; 127; 128; 129; 130]. So far, no simple
extension of ΛCDM capable of solving this tension has been found [1].
• Inverse distance ladder: SNe can be used to obtain constraints on H0 using high redshift
measurements as an alternative calibration. As previously described, BAOmeasurements
are calibrated by the sound horizon at radiation drag, which is accurately measured by
the CMB or by measurements of primordial deuterium abundance [131; 132; 133].
Therefore, the combination of SNe and BAO calibrated by rd provides constraints on the
Hubble parameter. This method is called the inverse distance ladder [134; 135; 136; 137],
and it will be used to address the tension in H0 in Chapter 7.
1.3.5 CMB lensing
Similarly to the lensing of galaxy images described previously, the CMB radiation is also
lensed by large-scale structure. The main effect of lensing on the CMB spectra is a smoothing
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Figure 1.13: Hubble diagram showing distance versus redshift for Type Ia SNe. In
red are the points measured by the High-z Supernovae Search Team [17] and in black
those measured by the Supernovae Cosmology Project [16]. The different lines show
different models of the Universe. In the lower panels, the horizontal line at zero
represents an empty Universe, and relative distances to this model are plotted on a
logarithmic scale. Image credit: [124]
48 Chapter 1. Introduction
of the acoustic peaks. Another significant consequence of CMB lensing is that it can convert
E-modes into B-modes. For these reasons, correcting for the effect of CMB lensing (a process
known as ‘delensing’) is fundamental to searches for gravitational wave B-modes with CMB
measurements.
CMB lensing should not be thought of as a contaminant of the CMB signal, as it provides
complimentary information about the Universe. CMB lensing can be seen as a remapping of
the CMB signal θ:
θ(n̂) → θ̃(n̂) = θ(n̂ + ∇φ), (1.3.39)
where θ̃ is the lensed signal, and φ is the lensing potential. Using the statistical properties of
the unlensed CMB, the CMB lensing potential can be reconstructed [138; 139; 140; 141]. This
reconstruction provides information about the large-scale structure of the Universe at z ∼ 2.
1.3.6 Redshift-space distortions
Redshift-space distortions (RSD) are caused by the peculiar motion of galaxies. Spectroscopic
surveys use measurements of the redshift of galaxies to estimate their radial distance, but part
of the measured redshift is caused by peculiar motions. Comparisons between the transverse
and line-of-sight anisotropies in the positions of galaxies can be used to isolate the effect of
peculiar velocities, and therefore provide measurements of the growth rate of structure [142]





with D the linear growth rate introduced in (1.2.44). In ΛCDM the growth factor can be approx-
imated by f (z) ≈ Ωm(z)0.55. While accurate measurements of RSD are highly challenging,
BOSS recently reported measurements at 6% precision in the redshift range z = 0.38 − 0.61
[116].
1.3.7 Standard sirens
A technique that has recently become available to cosmology and has potential to become
a powerful probe in the future is the detection of gravitational waves with electromagnetic
counterparts, also known as standard sirens. The recent first detection of gravitational waves
[143] followed by the first detection of an electromagnetic counterpart [144; 145] have opened a
new window of astronomical observations. Because the luminosity distance can be constrained
using only the gravitational wave signal, additional redshift information using spectroscopy can
constrain the Hubble parameter H0 with no dependence on the cosmological model and no need
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for calibration. While present-day constraints are not precise (H0 = 70.0+12.0−8.0 km s
−1Mpc−1),
standard sirens could potentially arbitrate the tension between CMB and direct measurement of
the Hubble parameter in the future, especially if the radio and X-ray afterglows of the merger
event are used [146].

Part II







Using Planck data to explore
oscillations and features in the
primordial power spectrum
2.1 Introduction
As described in the introduction, inflation was originally introduced to explain the flatness,
homogeneity and lack of magnetic monopoles in the Universe, but it gained importance as
an explanation for the formation of overdensities that eventually evolve into the large-scale
structure we observe today. In addition, the theory predicts a nearly flat, homogeneous and
isotropic Universe; a prediction that is strongly supported by measurements of the temperature
anisotropies in the CMB. The most precise all-sky measurements of the CMB today have been
performed by the Planck Satellite [147; 148].
The results from Planck are consistent with a spatially flat, ΛCDM Universe; with a nearly
scale-invariant spectrum of adiabatic fluctuations. The Planck data give no evidence for non-
Gaussianity or isocurvature modes. These results are consistent with simple single-field models
of inflation [1; 21; 30; 149]. However, the observed Planck spectra (Temperature, E-mode
polarization and their cross-correlation, henceforth referred to as TT, EE and TE respectively)
showa number of features that do not fitwellwith ΛCDM. In particular, there is a lack of power in
the TT quadrupole and at multipoles ` ∼ 20, and oscillatory residuals in the TE and EE spectra,
as illustrated in Fig. 2.1. While these features in isolation do not conflict at high significance
with ΛCDM, we will investigate theoretical models of the primordial power spectrum that can
53








































































































Figure 2.1: Spectra (top) and residuals (bottom) corresponding to the best fit Planck
cosmology, obtained from Figs. 1 and 2 in [1] . The red dots correspond to the
observed data, and the blue line is the best fit ΛCDM model. The top plot is the
TT spectrum, bottom left is TE, and bottom right EE. The black circles highlight the
features described in the text.
potentially account simultaneously for several of these features, thus significantly improving the
fit to the data. Our analysis focuses on two theoretically well motivated inflationary scenarios:
Axion monodromy inflation [150; 151; 152] and models which produce a localised oscillatory
feature in the primordial power spectrum.
Axion monodromy inflation was originally formulated as a theory of large field inflation
(∆φ > MP, where φ is the inflation potential and MP the Planck massa) in string theory inspired
models, evading the Baumann-McAllister bound [153]. In this theory, a super Planckian
aMP =
√
~c/G where ~ is the reduced Planck constant, c is the speed of light in vacuum, and G is the
gravitational constant.
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inflaton field range is achieved through a field winding many times around nearby closed paths
in configuration space. The underlying periodicity leads to a sinusoidal modulation of the
effective inflation potential which, in turn, will produce oscillations in the power spectrum. The
shape of the effective potential, and the amplitude, frequency and wavenumber dependence
cannot be predicted reliably through theory. Therefore, axion monodromy models as analysed
here, should be thought of as phenomenological models that introduce sinusoidal modulations
of the curvature power spectrum over the entire wavenumber range accessible to observations.
The amplitude and frequency of oscillations are free parameters to be constrained by the data.
Axion monodromymodels were already tested against Planck data [30; 149], finding a marginal
improvement for oscillations with certain frequencies. The present work uses the latest data
from Planck and includes the latest constraints on the optical depth at reionization [154],
and analyses the individual fit to the temperature and polarization spectra using the CamSpec
temperature and polarization likelihoods.
The second type of model that we have tested involves localised oscillatory features in the
power spectrum, and will be referred to as the ‘pulse’ model. There are many theoretical models
of inflation that can produce these pulses, such as models with a sharp step in the inflationary
potential [64; 155; 156; 157], inflationary models in which the sound speed changes suddenly
[158; 159; 160], excitations of heavy fields [161; 162], particle production during inflation
[163; 164; 165], or a sharp bending on the trajectory of the inflaton [166; 167; 168; 169].
Features in the primordial power spectrum have previously been explored using CMB data,
both from WMAP [170; 171; 172; 173; 174; 175] and from Planck [175; 176; 177], including
reports of models that provide marginal improvements in the fit to the data. Patterns of
oscillations in the power spectrum have also been introduced as a potential tool to distinguish
between inflation and alternative theories of the early universe [178; 179]. Our analysis is
motivated by the potential of localized oscillations in the primordial power spectrum to fit
several of the features in the Planck spectrum shown in Fig. 2.1. Therefore, we will use a
phenomenological, model-independent parameterization of such localized oscillations.
The chapter is structured as follows: Sec. 2.2 briefly introduces the theoretical framework
behind both inflationary scenarios and motivates the templates that will be used for parameter
estimation. Sec. 2.3 presents the results from this analysis, and our conclusions are presented
in Sec. 2.4.
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2.2 Models
2.2.1 Axion monodromy inflation
Axion monodromy inflation solves the problem of UV sensitivity present in models of large
field inflation using the shift symmetry of axions φ → φ + constant. This shift symmetry is
continuous, and valid at all orders in perturbation theory. However, it can be weakly broken by
non-perturbative effects (or explicitly, through the presence of branes) leading to a discrete shift
symmetry φ→ φ + 2π f , where f is the axion decay constanta. Generally, models exhibiting a









where φ is the inflaton field, Λ is a constant with dimension of mass, V0(φ) is the leading term in
the inflaton potential and a(φ) is the underlying periodic axion variable. In axion monodromy










where µ is a constant mass scale. The power spectrum for primordial fluctuations can be derived
from this potential. The calculation assumes a number of e-foldings of inflation N ∼ 60, slow
roll regime and f  Mp (for details of this derivation, see [180]), and yields:












where As and ns are the amplitude and tilt of the primordial power spectrum from Eq. 1.2.30,
k0 is the pivot scale; and φk and φ∗ are the values of the inflation when the modes of length
k−1 and k−1∗ leave the Hubble horizon respectively, ∆φ is the phase of the oscillation, and δns










with N0 = N∗+ (φend/MP)2/2p and φend the value of the inflaton field φ at the end of inflation.
There are some physically motivated constraints on these parameters: The amplitude of the
oscillations δns must be small, to keep the oscillations as a perturbative effect; the axion decay
constant has an upper limit ( f ∼ Mp) and a lower limit ( f > mφ) since the theory is obtained
integrating out scales heavier than the inflaton, and therefore can only describe dynamics on
aNote that f is used throughout this work as the axion decay constant, which is inversely proportional to the
frequency of the oscillations.
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smaller mass scales. Our power spectrum template is based on a more general model derived in
[181], that allows for a constant drifting in the frequency of the modulations by adding an extra
parameter pf , since the frequency of the oscillations can vary dynamically during inflation.
While it is possible that the amplitude of the oscillations can also vary during inflation, we do
not add an amplitude modulation parameter, to limit the degeneracies between the parameters.
The power spectrum for this model is:



















This primordial power spectrum is shown in Fig. 2.2. The value of the inflaton at inflation end









This approximation is valid in our case as the amplitude of the oscillations is required to be
small to make sure these are a perturbation to the power law potential. In addition, [182]
provides a formula to calculate the number of e-folds between the pivot scale and the end of
inflation, which assuming instant reheating is:


















where a0 and H0 are the scale factor and Hubble parameter today, ρend is the energy density
at the end of inflation, V∗ is the inflationary energy density at the pivot scale and greh is the
number of equivalent bosonic degrees of freedom after reheating.
2.2.2 Inflation with localised features in the power spectra
In this section we want to explore models with a single localised pulse injected somewhere
in the power spectra. These models have greater flexibility to model localised features in the
CMB power spectra. This is because axion monodromy models are strongly constrained to
low amplitudes by the low multipoles of the TT power spectrum. This is not the case for pulse
models, which can fit high amplitude features at high multipoles because of the restricted range
of wavenumbers for the oscillations. Our template for the power spectrum, shown in Fig. 2.3,
follows the idea introduced in [177; 183] of adding a piece-wise perturbation to the primordial
power spectrum, However, we use oscillations and parameters similar to those introduced in
the monodromy template (Eq. 2.2.3), with the objective of comparing both models. This is a
phenomenological choice of template, that is not based in any specific underlying mechanism
causing oscillations. Therefore, our template has the form of the power spectrum for a baseline
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Figure 2.2: The primordial power spectrum for axion monodromy inflation in red,
compared to a power-law power spectrum shown as a dotted black line. Both spectra
have ns = 0.96 and As = 2.1 × 10−9. The values of the parameters specific to axion
monodromy correspond to the centre of the priors used in the analysis (Table 2.1).
ΛCDM model (Eq. 1.2.30), with a perturbation that corresponds to the oscillations caused by
the pulse:



























k ≥ k f .
(2.2.9)
Note that while f does not have an interpretation as a decay constant in this template, it is
still used as the inverse frequency for similarity with the axion monodromy template. Instead
of treating the parameter α describing the damping of the amplitude as a free parameter, we
study two possible values: α = 1.5 and α = 3. The reason to not treat α as a free parameter
is to limit the degeneracies in parameter space. As we will show in the following sections, the
choice of fixed values of α is sufficient to show that we find unphysical results from the Planck
polarization likelihoods. The parameter k f refers to the wavenumber at which the feature in the
potential occurs, and will be treated as a free parameter.
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Figure 2.3: The primordial power spectrum for inflation with localized oscillations
in the primordial power spectrum with α = 1.5 in blue and α = 3 in green, compared
to a power-law power spectrum shown as a dotted black line. Both spectra have
ns = 0.96 and As = 2.1 × 10−9. The values of the parameters specific to the pulse
model correspond to the centre of the priors used in the analysis (Table 2.1).
2.3 Results
2.3.1 Nested sampling analysis
This section presents the comparison between the inflationarymodels introduced in the previous
section and ΛCDM fitted to the Planck 2018 data. We use the nested sampling algorithm
PolyChord [184; 185] in combination with the Markov Chain Monte Carlo (MCMC) CosmoMC
package [186], both publicly available. PolyChord is a nested sampling algorithm, which uses
sliced sampling, as opposed to the rejection sampling method used by MultiNest [187; 188;
189]. It also uses a clustering algorithm, to identify posteriors with multiple localised maxima;
and in its application within CosmoMC is adapted to use the fast and slow parameters hierarchy
[190]. This hierarchy between fast and slow parameters is one of the main advantages of
PolyChord over MultiNest for this problem. The resolution of the algorithm is given by the
parameter nlives, which indicates the number of live points that are used during the nested
sampling, in our case nlives = 1000. We use the latest CamSpec Planck likelihood at high
multipoles (` > 29). At low multipoles (` ≤ 29) for the temperature and full analyses, we use
the commander low-` 2015 TT likelihood, but we add a prior on the reionization optical depth
τ = 0.055 ± 0.009 based on [154].












log10( f /MP) -5 -1
∆φ -3.14 3.14
pf -0.75 1
log10 k f [Mpc] -4 -1
Table 2.1: Limits of the flat priors used on cosmological parameters for the mono-
dromy and pulse templates (Eqs. 2.2.5, 2.2.9). Note that the parameter pf is only used
on the monodromy template, and log10 k f is only used on the pulse template.
We start by testing the template (2.2.5). This adds four parameters to the baseline ΛCDM
analysis: The axion decay constant f , the amplitude δns, the phase ∆φ, and the frequency
modulation pf . Following [181], we fix p = 4/3. We choose a pivot scale k0 = 0.05 Mpc−1,
which assuming instant reheating and using Eq. (2.2.6) and (2.2.7) implies φend ≈ −0.59MP
and N∗ ≈ 57.5. Finally, we set the fiducial value of the scalar field to φ0 = 12.38MP. In the
case of the template for inflation with a pulse (Eq. 2.2.9), the number of parameters introduced
is the same, with the difference that instead of a frequency modulation, the location of the sharp
feature is added as a free parameter. Due to our lack of prior knowledge, we apply a uniform
prior in log10 k f over the range [−4,−1] where k f is in units Mpc−1. We use flat priors in all
cosmological parameters, with the exception of the optical depth to reionization. These priors
are specified specified in Table 2.1.
2.3.2 Best-fit values
Our main result is shown in Table 2.2, that shows the improvement in goodness of fit for each
model and each likelihood with respect to the Planck best fit for the corresponding likelihood.
We find reductions of χ2 larger than eight for all models in the TE and EE likelihoods. Fig.
2.4 shows the degeneracy between the frequency and its modulation, in the form of ‘bands’
in the marginalized two-dimensional posterior likelihood. Despite this degeneracy, Fig. 2.5
illustrates how certain values of the frequency and its modulation clearly maximize the EE
likelihood. In particular, there is a clear tendency to high values of the axion decay constant
(low frequencies). The same trend is observed in the case of the pulse, where the best fit to the
data is obtained again from a low frequency (Fig. 2.6).
These parameter combinations are modelling the oscillatory residuals in the Planck EE
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Figure 2.4: Marginalized two-dimensional posterior likelihood for the frequency and
its modulation in the axion monodromy template with the EE likelihood. The figure
has no smoothing in order to highlight the degeneracy directions.
Figure 2.5: Marginalized one-dimensional posterior likelihoods for the frequency
(left) and the frequency modulation (right) for axion monodromy inflation with the EE
likelihood.
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Likelihood Monodromy Pulse (α = 1.5) Pulse (α = 3)
∆χ2 PTE ∆χ2 PTE ∆χ2 PTE
TT 6.62 0.16 5.75 0.22 4.95 0.29
TE 10.39 0.034 13.97 0.0074 12.64 0.012
EE 10.19 0.037 12.07 0.017 13.14 0.011
TT+TE+EE 7.03 0.13 5.76 0.22 6.13 0.19
Table 2.2: Improvement in goodness of fit measured by ∆χ2 = χ2ΛCDM − χ
2
model
where ‘model’ refers to axion monodromy or inflation with localized oscillations in
the primordial power spectrum, and χ2 = −2 log(Likelihood). The columns show
the values of ∆χ2 obtained from the best fit values for each model and likelihood
with respect to the corresponding Planck best fit, and the corresponding probability to
exceed (PTE). In bold font those values that provide a PTE below 0.05, corresponding
to a significant improvement.











log10( f /MP) -4.96 -1.55
∆φ 0.624 -2.51
log10 k f [Mpc] -1.59 -2.36
Table 2.3: Best-fit values of cosmological parameters for the points in parameter
space that produce the largest improvements in χ2, as shown in Table 2.2.
Figure 2.6: Marginalized one-dimensional posterior likelihoods for the frequency
(left) and location of the pulse (right) for a primordial power spectrum presenting
localized oscillations for α = 1.5 and the EE likelihood.
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Figure 2.7: Spectra (top) and residuals (bottom) corresponding to the best fit
parameters observed in the TE posterior probability for the pulse model with α = 1.5.
The blue dots correspond to the observed data, the black lines are the best fit ΛCDM
models for each likelihood, and the red one to the pulse model. The top plot is the TE
spectrum, bottom left is TT, and bottom right EE. The vertical axis for the TT and TE
spectra shows D` ≡ `(` + 1)C`/(2π). The lower panels show ∆D` for TT and TE,
and ∆C` for EE.
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Figure 2.8: Spectra (top) and residuals (bottom) corresponding to the best fit
parameters observed in the EE posterior probability for the pulse model with α = 3.
The blue dots correspond to the observed data, the black lines are the best fit ΛCDM
models for each likelihood, and the red one to the pulse model. The top plot is the EE
spectrum, bottom left is TT, and bottom right TE. The vertical axis for the TT and TE
spectra shows D` ≡ `(` + 1)C`/(2π). The lower panels show ∆D` for TT and TE,
and ∆C` for EE.
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and TE spectra (Fig. 2.1). However, they provide significantly worse fits to the temperature
spectrum than ΛCDM. As shown in Table 2.2, the greatest improvements in χ2 are obtained
by the pulse model on the TE and EE likelihoods, with probabilities to exceed (PTEs) below
0.01. In the case of the TE likelihood, shown in Fig. 2.7, the improvement comes from fitting
features at ` ∼ 400, ` ∼ 800 and ` ∼ 1000. However, the bottom panels of this figure illustrate
the poor fit that these parameters produce in the TT and EE likelihoods, explaining why these
parameters produce a poor fit to the combined TT+TE+EE likelihood. A similar situation is
found for the best fit to the EE likelihood (Fig. 2.8): The best fit model reproduces features at
low multipoles, but produces a very poor fit to the TT and TE likelihoods.
It is important to stress that these improvements in the different likelihoods correspond to
completely different parameter values, as illustrated by Table 2.3. The bottom line of Table
2.2 shows that there is no point in parameter space for any of these models that produces a
significant improvement in the fit to the combined TT+TE+EE likelihood. However, the large
improvements in χ2 in the TE and EE likelihoods indicate problems with these two likelihoods.
These results are clearly showing that it is possible to greatly improve the fit to these two
spectra. While it is possible that some exotic new physics that affects only polarization could
fit these features, no such model exists at the present time. Another possible explanation are
unknown systematics in polarization, but the fact that most of these features are present across
the different Planck spectra goes against this idea [148]. The most likely explanation is an
underestimation of the contribution of noise to the Planck TE and EE spectra at low multipoles.
This possibility will be discussed in detail in [191].
We now turn back to the best fits to the full TT+TE+EE likelihood. Table 2.4 shows the best
fit parameters for ΛCDM, axion monodromy inflation and inflation with a pulse with α = 3. We
do not consider the case of the α = 1.5 throughout the rest of this subsection, as α = 3 provides
a larger improvement in goodness of fit. The bottom part of the table shows how, for axion
monodromy inflation, the improvement in χ2 in the full likelihood comes from an improvement
in fit to the temperature, while in the case of the pulse there are small improvements in both the
temperature and the temperature-cross-polarization spectra. In both cases, the improvement
in the full likelihood is obtained from low values of the inverse frequency f , which provide
worse fits to the polarization spectrum. Figs. 2.9 and 2.10 show the theoretical model and
the data compared to ΛCDM. Again, we see how while in the case of axion monodromy most
of the improvement comes from a better fit to the temperature likelihood alone, the pulse
model visibly reproduces residuals in all three spectra, but it does not model the residuals in
TT as accurately as axion monodromy. We now asses whether these improvements in χ2 are
statistically significant.
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Parameter ΛCDM Axion monodromy Pulse (α = 3)
Ωbh2 0.0224 0.0222 0.0223
Ωch2 0.119 0.120 0.121
H0 67.6 67.5 67.2






δns – 0.0433 0.110
log10( f /MP) – -3.35 -4.50
∆φ – 2.44 2.62
pf – -0.482 –
log10 k f [Mpc] – – -1.44
χ2TT 7064.54 7057.20 7062.38
χ2TE 2578.53 2574.54 2576.44
χ2EE 1892.73 1894.64 1893.51
χ2TT+TE+EE 11513.04 11505.33 11506.28
Table 2.4: Best-fit values of cosmological parameters for each model. Dashes rep-
resent parameters that are not used for the corresponding model. Note that the Planck
values differ from [1] since we have used slightly different likelihoods.
Bayes factor R
Likelihood Monodromy Pulse (α = 1.5) Pulse (α = 3)
TT 8.8 ± 3.8 5.3 ± 2.3 8.1 ± 3.5
TE 3.32 ± 0.86 1.45 ± 0.37 1.38 ± 0.35
EE 2.26 ± 0.55 0.62 ± 0.15 0.82 ± 0.20
TT+TE+EE 8.1 ± 4.5 5.8 ± 3.2 8.9 ± 3.4
Table 2.5: Bayes factor R ≡ ZΛCDM/Zmodel where ‘model’ refers to axion mono-
dromy or inflation with a pulse, andZ is the Bayesian evidence. A value R > 1 means
that ΛCDM is preferred by the data, while R < 1 means the corresponding model is
preferred.
2.3.3 Bayesian model comparison
In this section, we use Bayesian model comparison to asses the validity of this models. In a
Bayesian framework, models are compared using the Bayes factor or evidence ratio, formed as
the ratio of Bayesian evidences.
Z ≡ P(D |M) =
∫
dθP(D |θ, M)P(θ |M), (2.3.1)
where D represents the data, M the model, and θ the parameters of the model. The terms inside
the integral are the likelihood P(D |θ, M) and the prior P(θ |M). For the comparison between
the ΛCDM cosmology and a second model M , the Bayes factor is given by:
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Figure 2.9: Spectra (top) and residuals (bottom) corresponding to the best fit
parameters observed in the TT+TE+EE posterior probability for axion monodromy
inflation. The blue dots correspond to the observed data, the black line is the best
fit ΛCDM model to the TT+TE+EE likelihood, and the red one to axion monodromy
inflation. The top plot is the TT spectrum, bottom left is TE, and bottom right EE.
The vertical axis for the TT and TE spectra shows D` ≡ `(` + 1)C`/(2π). The lower










Lacking any prior beliefs on either model P(ΛCDM) = P(M), the Bayes factor provides a
measure of the ratio of probabilities between the models given the data. Therefore, a Bayes
factor R > 1 favours ΛCDM while a value R < 1 favours the alternative model. Table 2.5
shows the value of the Bayes factor for each likelihood and inflationary model in comparison
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Figure 2.10: Spectra (top) and residuals (bottom) corresponding to the best fit
parameters observed in the TT+TE+EE posterior probability for the pulse model with
α = 3. The blue dots correspond to the observed data, the black line is the best
fit ΛCDM model to the TT+TE+EE likelihood, and the red one to inflation with a
pulse in the primordial power spectrum. The top plot is the TT spectrum, bottom
left is TE, and bottom right EE. The vertical axis for the TT and TE spectra shows
D` ≡ `(` + 1)C`/(2π). The lower panels show ∆D` for TT and TE, and ∆C` for EE.
with ΛCDM. While it is true that in some cases the Bayes factor indicates that the data is more
compatible with the alternative model, in particular for the pulse model in the EE likelihood, it
is worth noticing that the evidence ratio is not small enough to support claims of evidence for
departures from ΛCDM. Even if we use a Jeffreys scale [192], which is not at all stringent, we
need R < 0.31 for ‘substantial evidence’, which is not the case here. On the cases where the
Bayes ratio is bigger than one, a Jeffreys scale requires R > 3.2 for substantial evidence, and
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R > 10 for strong evidence. Only in the case of the TT and TT+TE+EE likelihoods the evidence
can be considered substantial, as expected from Table 2.2. The conclusion from this section
is that Planck 2018 does not provide strong evidence for either monodromy or for localized
oscillatory features, and in fact presents substantial evidence against these models.
2.4 Conclusions
We have studied alternative models of inflation with oscillations in the primordial power
spectrum using Planck 2018 data. After a brief introduction of the mechanisms that could
generate such oscillations and a motivation of the assumptions and priors that have been used
in the analysis, we present the results of comparing them to the Planck 2018 data using a nested
sampling algorithm. Although these models can produce significant improvements in the E-
mode polarization and cross temperature-polarization likelihoods by modelling some of the
oscillatory residuals of these spectra, we find that the parameters that give us this improvement
correspond to a worse fit in the full likelihood, indicating that this improvement is not a
consequence of new physics. This claim is supported by the fact that the fit to the temperature
and the combined TT+TE+EE likelihoods does not significantly improve the ΛCDM model.
A more careful analysis indicates that the improvements in the combined TT+TE+EE
likelihood have different origins for each spectra: While in axion monodromy most of the
improvements come from the temperature only likelihood, inflation with a localized oscillations
in the primordial power spectrum can model the residuals in all three individual spectra, but
does not significantly improve the fit to the temperature spectrum. Using Bayesian model
comparison we conclude that despite its very high accuracy, Planck 2018 data cannot provide
strong evidence to favour these models over ΛCDM, and in fact slightly favors ΛCDM. It will
be necessary to wait for next-generation CMB experiments [193; 194] to make stronger claims
about models of this type. While a more careful study of these models could be performed,
for instance allowing for a modulation of the amplitude, or changes in the power of the inflaton
p in the case of the monodromy, and for modulation on frequency and amplitude in our pulse
model; the results of this work discourage us from performing a more careful analysis at the
present time.
Despite not finding evidence in favour of this models, this analysis provides important
information. Monodromy models are limited to low amplitudes primarily by the temperature
spectrum. Models with localized oscillations in the primordial power spectrum have greater
flexibility to fit localized oscillations in the spectra. These pulsemodels give improvements with
PTEs smaller than 0.02 on the TE and EE likelihoods, but with parameters that provide poor
fits to the temperature data. While we cannot rule out the possibility of unknown systematics
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or exotic new physics being the reason behind the features in these spectra, they are more likely
to be caused by an underestimation of the noise at low multipoles in the Planck polarization
spectra.
Our main conclusion is that the Planck 2018 temperature measurements provide strong
constraints on models of inflation which produce oscillations in the primordial power spectrum,
and as a consequence Planck does not favour these models. However, there are oscillations at
low multipoles in the TE and EE spectra measured by Planck 2018, which are most likely to be





Generalized slow-roll inflation on
Planck 2018 data
3.1 Introduction
Chapter 2 studied possible departures from a two-parameter primordial power spectrum (Eq.
1.2.30) in the form of oscillations. This chapter studies the possibility of features in the
primordial power spectrum in a model-independent way, using an approach called ‘Generalized
Slow Roll’ (GSR) [173; 195; 196; 197] which allows deviations of the base ΛCDM spectrum of
order unity. We want to investigate if deviations from a power-law primordial power spectrum
can account for some the features in the Planck spectra introduced in the previous chapter (Fig.
2.1), and improve the fit to the data. GSRwas already applied toPlanck 2015 data [21; 198; 199]
finding a significant deviation from the simple two-parameter primordial power spectrum, and
non-negligible shifts in the values of cosmological parameters. In this chapter, we apply GSR
to Planck 2018. We do this using nested sampling [200], as in the previous chapter, to sample
the GSR parameter space, as opposed to previous analyses which used Markov Chain Monte
Carlo (MCMC) methods. The chapter is organised as follows: Sec. 3.2 describes GSR from a
theoretical point of view, Sec. 3.3 describes the data that we use and the statistical techniques
used to perform the analysis. We present our results in Sec. 3.4 and we finish with conclusions
in Sec. 3.5.
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3.2 The Generalized Slow Roll Formalism
This section presents an overview of the GSR formalism. We start by describing the theoretical
basis, and then define the parameterization used in this chapter. We finish this section by
introducing the use of principal component analysis (PCA) to calculate the extra degrees
of freedom added by GSR. This formalism was first introduced by [195]. Our framework,
notation, as well as the way it is parameterized, are based on the analysis of Planck 2015 data
by [198; 199; 201].
3.2.1 Theory
As described in Sec. 1.2.1, slow-roll inflation (henceforth referred to as ‘ordinary’ slow-roll
as opposed to generalized slow-roll) predicts a two-parameter power spectrum, which to first
order in slow-roll parameters can be parameterized as (Eq. 1.2.30):















where φ is the inflaton field, MP is the reduced Planck mass, and H the Hubble parameter. As
a result, the usual slow-roll expression for ns in terms of ε and η (Eq. 1.2.31) is obtained. In
GSR we relax the requirement of a small ηH , and allow it to become large for a fraction of an
e-fold [196]. This produces features of order unity in the primordial power spectrum through
the function [195; 202]:
G(log s) = −2 log f +
2
3
(log f )′, (3.2.3)













with aend the scale factor at the end of inflation. The effect of this change on the curvature
power spectrum is obtained using Green function techniques [196; 203]:
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W (ks)G′(log s) + log
[
1 + I21 (k)
]
, (3.2.6)










G′(log s)X (ks). (3.2.7)










, X (x) =
3
x3
(sin x − x cos x)2. (3.2.8)
For this to be a good approximation, we limit features in the primordial power spectrum to order




Having introduced the theoretical framework, we now describe the way it is parameterized and
applied in this chapter. Given that G′(log s) = 1 − ns recovers the expression for ordinary
slow-roll inflation (Eq. 3.2.1) we look for deviations from ordinary slow-roll described by:
δG′(log s) ≡ G′(log s) − (1 − ns). (3.2.9)









piBi (log s). (3.2.10)
We limit our analysis to the range s ∈ [200, 20000] Mpc, since we cannot observe scales larger
than the present-day Hubble radius, and we want to study fluctuations that appear on scales




with twenty points spaced
equally along this range. The spline basis functions are given by:
Bi (log s j ) =


1 i = j
0 i , j,
(3.2.11)
and the spline coefficients are just given by pi = δG′(log si). With this spline basis, the GSR











X (ks)Bi (log s), (3.2.12)
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and we choose the arbitrary epoch s∗ as the large-scale endpoint of our sampling grid. Using
this parameterization, the curvature power spectrum is:








pi[Wi (k) −Wi (k0)] + log
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In Eq. 3.2.13, we have absorbed the factor G(log s∗) into the amplitude of the power spectrum
As = ∆2ζ (k0). The main advantage of this approach is that we can pre-compute the window
functions (Eq. 3.2.12) on a grid in k-space, and then vary the spline coefficients {pi } to sample
the different features on the power spectra.
3.2.3 Principal Component Analysis
The choice of twenty spline parameters greatly oversamples the features in the spectra. To
interpret our results, wewant to knowhowmanydegrees of freedomare really needed to describe
significant deviations from the base ΛCDM primordial spectrum. We do this using a principal
component analysis from the covariance matrix of the spline coefficientsCi j = 〈pipj〉−〈pi〉〈pj〉
derived from the nested sampling chain. We diagonalize this matrix and obtain an orthonormal










These principal components are independent, i.e. their covariance matrix is diagonal with
values {σi }:
〈mim j〉 − 〈mi〉〈m j〉 = δi jσ2i . (3.2.17)
We use PCA to calculate the number of independent degrees of freedom added by GSR. We
take this to be the number of principal components that differ from zero by more than one
standard deviation, since for N of such parameters we can reconstruct the deviation from Eq.
3.2.9 as:
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This, in turn, can be then used to reconstruct ∆2ζ .
3.3 Data and Analysis
We now apply this method to Planck 2018 data. We use the same likelihood employed in
the previous chapter: Planck 2018 CamSpec likelihood [1] with a prior on the optical depth at
reionization τ = 0.055±0.009 based onPlanck lowmultipole polarizationmeasurements [154].
In [199], the authors used a MCMC analysis to obtain posterior distribution for the parameters,
using the publicly available code CosmoMC [186; 190], which for the likelihood evaluations uses
the Boltzmann solver CAMB [204]. In this analysis, we also use CosmoMC, but due to the high
number of parameters and the complexity of the parameter space with several degeneracies
between the spline and cosmological parameters, the Metropolis algorithm of CosmoMC is not
very efficient at sampling this likelihood. Therefore, we use the nested sampling algorithm
Polychord [184; 185] which has already been adapted to work with CosmoMC as described in
Chapter 2.
Our analysis samples over the same six cosmological parameters for ΛCDM used in the
previous chapter: the baryon and cold dark matter densities Ωbh2 and Ωch2, the optical depth
to reionization τ, an approximation of the ratio of the sound horizon to the angular diameter
distance at recombination θMC, and the amplitude and tilt of the power-law primordial power
spectrum As and ns. In addition, for the GSR formalism, we add twenty spline parameters
{pi }. We use flat priors on these parameters, specified in Table 3.1, with the exception of τ,
for which we use a Gaussian prior as previously described. As usual, we take an effective
number of neutrinos Neff = 3.046 consisting of three massive neutrinos with a combined mass∑
mν = 0.06 eV. We choose the pivot scale to be at k0 = 0.05 Mpc, and as mentioned in the
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ΛCDM GSR
Parameter best fit 68% CL best fit 68% CL
Ωbh2 0.02201 0.00019 0.02201 0.00020
Ωch2 0.1205 0.0021 0.1211 0.0019
H0 [ km s−1Mpc−1] 66.93 0.89 66.61 0.85
τ 0.0679 0.0073 0.0575 0.0065





3.055 0.015 3.067 0.014
Table 3.2: Best fit values and 1σ errors of cosmological parameters for 6-parameter
ΛCDM (left) and for GSR (right) for the TT likelihood. Note that the Planck values
differ from [1] since we have used different likelihoods.
ΛCDM GSR
Parameter best fit 68% CL best fit 68% CL
Ωbh2 0.02215 0.00014 0.02239 0.00015
Ωch2 0.1199 0.0013 0.1195 0.0013
H0 [ km s−1Mpc−1] 67.20 0.57 67.62 0.55
τ 0.0624 0.0083 0.0550 0.0067





3.055 0.015 3.051 0.015
Table 3.3: Best fit values and 1σ errors of cosmological parameters for 6-parameter
ΛCDM (left) and for GSR (right) for the TT+TE+EE likelihood. Note that the Planck
values differ from [1] since we have used different likelihoods.
previous section impose a prior max (|I1 |) < 1/
√
2 to limit the departures from a power-law
spectrum to be of order unity.
3.4 Results
3.4.1 Effect on Cosmological Parameters
Tables 3.2 and 3.3 show best fit values for the TT and full (TT+TE+EE) Planck 2018 like-
lihoods respectively, using a 6-parameter ΛCDM cosmology on the left column, and GSR
inflation on the right. None of the parameter shifts are very drastic, with changes below a
1σ significance level for all parameters and both likelihoods, with the exception of the optical
depth to reionization τ, which is lowered by around 1σ when GSR is used. When more flex-
ibility in the primordial power spectrum is allowed, τ is dominated by the Gaussian prior at
τ = 0.055 ± 0.009.
We then use the PCA analysis described in Sec. 3.2.3 to estimate how many extra degrees




























Reconstruction, N = 3
Slow-roll
Figure 3.1: PCA reconstruction of the departures from ordinary slow roll using the
best fit spline parameters to the EE likelihood, using a number of principal components
N = 1 (left panel) and N = 3 (right panel). In blue, the full twenty parameter departure
from slow roll parameterized by δG′ (Eq. 3.2.9) with the best fit as a solid line, and
the 68% confidence intervals as bands. In red, the same for the PCA reconstruction.
The black solid line is ordinary slow-roll. As expected, in this case three parameters
are needed to reproduce the main features within the error margins.
components that deviate from zero by at least one standard deviation. The results are shown
in Table 3.4. The first relevant result is that, from the TT spectrum, all principal components
are consistent with zero at the 68% confidence level. This indicates that deviations in the
primordial power spectrum cannot significantly improve the fit to the temperature spectrum, as
long as they are consistent with the GSR formalism. This is not the case for the TE and EE
spectra: We find one principal component that is non-zero at the 1σ level for TE, and three
for EE, including one component that is non-zero at more than 3σ. In the full TT+TE+EE
spectrum, we find two non-zero principal component parameters. We want to stress that the
relevance of these numbers is that they provide an estimate of the number of extra degrees of
freedom added in each case, which will be used in the following sectiona. This is illustrated
in Fig. 3.1, showing the PCA reconstruction of the deviation to ordinary slow roll (3.2.9) in
the case of the best fit parameters to the EE spectrum. The right panel of the figure illustrates
that three principal components can reproduce the main features of δG′, while the left panel
illustrates that one principal component is not enough.
3.4.2 Comparison of best fits
Model comparison using Bayesian evidences is not feasible in this case, as the twenty spline
parameters increase the prior volume by 520 with respect to ΛCDM. Therefore, in this section
aNote that we are choosing this number in a conservative way. If we had instead set the number of degrees
of freedom as the number of principal components that are non-zero at the 2σ level, only the EE likelihood would
have one significant component, as shown by table 3.4.
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TT TE EE TT+TE+EE
Parameter Mean 68% CL Nσ Mean 68% CL Nσ Mean 68% CL Nσ Mean 68% CL Nσ
m1 0.049 0.061 0.81 -0.30 0.21 1.4 0.65 0.21 3.2 -0.66 0.48 1.4
m2 -0.09 0.16 0.59 0.11 0.14 0.77 -1.17 0.81 1.4 0.095 0.085 1.1
m3 0.27 0.50 0.53 -0.7 1.1 0.69 -1.35 1.1 1.2 -0.20 0.22 0.91
Table 3.4: Means and standard deviations for the first three principal components
obtained for each likelihood, sorted by their value of Nσ , which measures the amount
of standard deviations by which parameter differs from zero. In bold, those parameters
that differ from zero by more than 1σ. Note that the parameters m1, m2 and m3 shown
in the table are formed by a different linear combinations of the spline parameters for
each column.
Likelihood ND.o.F. ∆χ2 PTE
TT 0 -0.5 –
TE 1 5.5 0.019
EE 3 16.4 0.00094
TT+TE+EE 2 2.7 0.26




2 ≡ −2 logL and L is the likelihood. The second column
measures the number of extra degrees of freedom, calculated as the number of principal
components that differ from zero at more than one standard deviation, given by Table
3.4. The last column is the corresponding probability to exceed (PTE). Note that the
PTE is not defined for the TT case, as no extra degrees of freedom are added.
Figure 3.2: Spectra and residuals corresponding to the best fit parameters observed
in the TE and EE likelihoods on the left and right panels respectively. The blue dots
correspond to the observed data, the black line is the best fit ΛCDM model, and the
red one to GSR. The vertical axis in the left plot shows D` ≡ `(` + 1)C`/(2π). The
lower panels show ∆D` and ∆C` for the TE and EE spectra respectively.
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we compare the models by evaluating the χ2 values obtained by the best fits to the data using
GSR and 6-parameter ΛCDM as theoretical models. Table 3.5 shows the difference in goodness
of fit for the best fit parameters to each individual likelihood, and the combined TT+TE+EE
likelihood. The table shows no improvement in the χ2 for the TT likelihood, as we expected
from the PCA analysis in the previous section, where we found that all principal components
were consistent with zero. The TE likelihood shows a significant improvement, with a PTE of
0.019 corresponding to more than a 2σ significance. The left panel of Fig. 3.2 shows how this
best fit compares to the residuals of the Planck data for a 6-parameter ΛCDM cosmology. The
figure illustrates how GSR tracks some of the oscillatory features in the Planck residuals, but
does not provide a significantly better fit compared to the base ΛCDM model.
The most statistically significant result in this chapter is the large improvement in goodness
of fit obtained for the EE spectrum, with a PTE of 0.00094, corresponding to more than a 3σ
improvement. This large improvement is illustrated in the right panel in Fig. 3.2: Allowing
for a GSR inflation, the spectrum can perfectly fit the large residuals at low multipoles, and
in particular it reproduces the feature at ` ∼ 200. The GSR and ΛCDM spectra agree at high
multipoles. Despite this large improvement in the fit to the polarization likelihood, there is
no combination of parameters that significantly improves the fit to the combined TT+TE+EE
likelihood, with a PTE of 0.26 corresponding to a marginal improvement. This is caused by
the lack of improvement to the temperature spectrum. The best fit to the combined likelihood
in all spectra is shown in Fig. 3.3, where we see that the marginal improvement comes mostly
from fitting some of the residuals at low multipoles in polarization. From this, we conclude
that Planck 2018 data disfavors departures from a power-law primordial power spectrum.
However, this analysis also provides important information about possible problems in
the TE and EE likelihoods. The best fit to these individual likelihoods gives non-negligible
improvements when features in the primordial power spectrum are allowed as shown by Table
3.5, especially for the EE likelihood. This agrees with the results from Chapter 2, with even
larger improvements in χ2 caused by the higher freedom allowed in the primordial spectrum.
As discussed in Chapter 2, the possibility of new physics that affects only polarization is an
unlikely explanation, since there are no simple models of new physics that can account for these
features in the TE and EE spectra. The features are observed at different frequencies in the
Planck measurements [148] which makes systematics unlikely. A possible explanation for this
is an underestimation of the Planck noise in polarization at low multipoles. More specifically,
we believe there could be a contribution from correlated noise to Planck that has not been
included in the likelihood, which could be modeled via end-to-end simulations, a possibility
that will be further explored in [191].
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Figure 3.3: Spectra (top) and residuals (bottom) corresponding to the best fit
parameters observed in the full TT+TE+EE posterior probability for GSR with respect
to ΛCDM. The blue dots correspond to the observed data, the black line is the best fit
ΛCDM model, and the red one to GSR inflation. The top figure is the TT spectrum,
bottom left is TE, and bottom right EE. The vertical axis for the TT and TE spectra




We have studied the possibility of departures from a power-law primordial power spectrum in
the context of generalised slow-roll inflation using the different Planck 2018 spectra. We used
twenty spline parameters in addition to the six parameters of the baseline ΛCDM cosmology.
Since these parameters are highly degeneratewe used a principal component analysis to calculate
the number of degrees of freedom added for each likelihood. We found that GSR produces
no improvements to the temperature likelihood, and as a consequence of this, no significant
improvements are found in the combined TT+TE+EE likelihood. However, we find a large
improvement in the goodness of fit for the EE likelihood. This was already observed for
oscillatory power spectra in the previous chapter. While this indicates that Planck 2018 data
is consistent with ΛCDM as opposed to models containing features in the primordial power
spectrum, the large improvement in the polarization likelihood most likely reflects problems
with Planck polarization. We believe that the most likely reason behind the large residuals
causing these improvements in χ2 is an underestimation of the Planck noise at low multipoles
in polarization. The conclusion from Chapters 2 and 3 is that the TE and EE likelihoods seem
to be inconsistent with the TT likelihood at low multipoles. Further work needs to be done,
particularly on modelling noise in Planck. As a consequence, evidence for new physics based






The tension between SPTpol 500 square
degrees and Planck 2015 polarization
results
4.1 Introduction
This chapter focuses on the results published by the South Pole Telescope (SPT) collaboration
on temperature anisotropies and E-mode polarization of the CMB from the 500 square degrees
analysis of their SPTpol instrument ([205], hereafter H18). H18 used 150 GHz data from
three seasons of observations and produced power spectra for the E-mode polarization (EE)
and the temperature-E-mode cross-spectrum (TE) shown in Fig. 4.1. The main advantage of
SPTpol with respect to Planck is its higher resolution, which allows it to measure much smaller
scales, covering a multipole range 50 < ` ≤ 8000, as opposed to Planck’s 2 < ` ≤ 1996 in
polarization. However, because of its smaller sky coverage, SPTpol cannot obtain information
on large scales, and as a consequence produces parameter constraints that are much weaker than
those from Plancka. H18 obtains a best fit that is in mild tension with the 6-parameter ΛCDM
cosmology, andwith thePlanck parameters within thatmodel atmore than a 2σ significance. To
understand this tension, H18 split the SPTpol data into high and lowmultipoles, using ` = 1000
as the cutoff, and obtained good agreement with the Planck ΛCDM cosmology derived from
aThis analysis was done before the Planck 2018 likelihood was completed, and therefore uses Planck 2015
spectra [21]. The chapter focuses on the SPTpol likelihood, and only uses the parameter constraints from Planck as
comparison. Because parameter constraints do not change significantly between Planck 2015 and Planck 2018, the
analysis was not updated with the latest likelihood.
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temperature anisotropies when only low multipoles were used. They argued that this could hint
at new physics at high multipoles, beyond the reach of Planck. In this chapter, we investigate the
validity of the SPTpol analysis to understand the origin of this tension. We find several errors
in the analysis of the SPT data, which increase the error bars on their cosmological parameters.
We also find that the parameters of the SPTpol cosmology have converged by ` ∼ 2500, and
higher multipoles do not significantly alter the parameters within the ΛCDMmodel. More data
will be necessary to asses whether multipoles ` > 2500 are consistent with the 6-parameter
ΛCDM model, since they are well beyond the range of multipoles accessible to Planck. We
argue that the remaining difference between SPTpol and Planck is not significant, and is likely
to originate from outliers in the SPTpol TE and EE spectra, which could be caused by problems
in the error model.
In Sec. 4.2 we discuss some problems in the likelihood used by H18, and publicly available
in the SPT websitea. In Sec. 4.3 we discuss the effect on cosmological parameters of altering
the priors in some of the SPT calibration parameters and the validity of the prior ranges used in
their analysis. Sec. 4.4 repeats the cosmological analysis for different multipole ranges, to find
the cause of the tension with Planck, and assesses the level of tension between the experiments.
Finally, we present our conclusions in Sec. 4.5.
4.2 Corrections to the SPTpol likelihood
In this section, we discuss some issues we found in the publicly available SPTpol likelihood,
how to correct them, and their effect on cosmological parameters. H18 calculated cosmological
parameters using the Markov Chain Monte Carlo (MCMC) package CosmoMC [186; 190] which
uses the Boltzmann code CAMB [204]. Their analysis consists of dividing the SPTpol TE and EE
data in 56 bandpowers spanning the multipole range 50 < ` ≤ 8000. Information about these
bandpowers can be found in Table 2 of H18.
For their analysis, they parameterize the ΛCDM cosmology using the same parameters
used in Chapters 2 and 3: The density of baryonic matter Ωbh2, the density of cold dark
matter Ωch2, θMC an approximation of the ratio of the sound horizon to the angular diameter
distance at recombination, the optical depth to reionization τ and the amplitude and tilt of the
primordial power spectrum As and ns. The CMB spectrum is degenerate in the parameter
combination Ase−2τ that measures the overall amplitude of the spectrum, except at very low
multipoles which are not measured by SPT. Therefore, instead of providing constraints on each
of these two parameters, the SPT team presents results on Ase−2τ , and we will do the same.
H18 also uses a Gaussian prior on the optical depth to reionization τ = 0.078± 0.019 based on
ahttp://pole.uchicago.edu/public/data/henning17/
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Figure 4.1: The SPTpol 500deg2 power spectra. On the left, the temperature-
polarization cross correlation (TE) and on the right the polarization auto-correlation
(EE). The solid gray lines are the Planck 2015 best-fit ΛCDM cosmology, obtained
with the base_plikHM_TT_lowTEB likelihood. In both plots, the sub-panels show re-
siduals to the best fit model, while the top right plot has bandpowers scaled by an
additional `2 to highlight features at higher multipoles. On the right plot, the lower
inset plot zooms in on low multipoles to highlight the corresponding features. Image
credit: H18.
Parameter Symbol Prior
Cold dark matter density Ωch2 [0.001,0.99]
Baryon density Ωbh2 [0.005,0.1]
100 × θMC 100θMC [0.5,10]





Scalar spectral index ns [0.8,1.2]
Table 4.1: Uniform priors used by H18 and in our analysis. Priors on calibration and
foreground parameters can be found in Table 3 of H18 and are discussed in the text.
the Planck LFI likelihood [206], since SPTpol cannot constrain this parameter. Although the
Planck collaboration released tighter constraints on this parameter recently [154], we will use
this same prior for consistency. Since SPTpol is not sensitive to low multipoles, the value of
τ is not very important unless we want to infer the amplitude As. The remaining parameters
have flat priors specified in Table 4.1. These priors will be used everywhere in this analysis.
H18 also uses five parameters to measure foreground contributions from dust and other
sources, and two more to correct for super-sample lensing variance [207] and beam errors.
These are also included in our analysis, with the same priors used by the SPT team, which can
be found in Table 3 of H18. There are two more nuisance parameters in the SPTpol analysis,
Tcal and Pcal, which will be discussed in depth in the next section.
In this section, we discuss two issues that we found in the publicly available CosmoMCmodule
used in the H18 analysis. The first one concerns the way the separate TE and EE analyses are
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performed. The way this is done in the original analysis is by multiplying the elements of the
covariance matrix that are not to be used by a large factor, therefore increasing their error to
the extent that their contribution to χ2 becomes negligible. This, although valid in theory, is
not implemented correctly in their code. In particular, they do this by multiplying the diagonal
block by a factor of 1024 and the non-diagonal blocks by the square root of that factor, i.e. 1012.







where in this case A is the block corresponding to the 56 TE datapoints, B is the block
corresponding to EE, and C are the blocks corresponding to their cross-correlation. The inverse






where, using the Woodbury formula [208],
Ã = A−1 + (A−1C)(B − C A−1C)−1(C A−1). (4.2.1)
In H18, if they want to study the separate TE likelihood which corresponds to eliminating the
B and C blocks, they multiply C by α and B by α2 respectively. This yields:
Ã = A−1 + (αA−1C)(α2B − α2C A−1C)−1(αC A−1), (4.2.2)
therefore, the α factors cancel out. What this is doing is eliminate the direct contributions from
the unwanted blocks, but due to this cancellation, there are unwanted contributions to the errors
in the data of interest. An easy solution to this issue is to multiply the off-diagonal blocks by
zero. These changes produce reductions in the value of χ2 corresponding to the best-fit SPTpol
cosmology to the separate TE and EE likelihoods of order ∆χ2 ∼ 5.
The second issue concerns the aberration correction [209]. Aberration refers to the effect of
our proper motion with respect to the last scattering surface of the CMB. This motion induces a
dipole which requires an angle dependent rescaling of the multipole moments. The aberration
correction implemented in the publicly released SPTpol likelihood differs from the correction
described in the chapter: H18 uses the same aberration correction on the power spectrum used
by the ACTPol collaboration [210]
























where as usual D` = `(`+1)2π C` ≈
`2
2πC` since for SPTpol we have ` ≥ 50. The formula 4.2.4
used in the public likelihood is correct, since it gives a zero aberration correction for a scale
invariant spectrum, unlike Eq. 4.2.3. However, Eq. 4.2.3 can be found in the literature as
a formula for aberration corrections. The issue arises from a misunderstanding of the effects
of aberration and modulation, the latter being the change of the temperature in the Lorentz
transformation between the two frames.
To understand the difference between these formulae, we clarify the difference between
aberration and modulation: Let us define TCMB as the actual temperature of the CMB and Tobs
as the temperature observed after aberration. These two quantities are related by a Lorentz
transformation that remaps the points. Let A be the remapping function such that point n̂ is
transformed into point An̂. Then:
Tobs(n̂) = TCMB(An̂). (4.2.5)





This generates a contribution from a Jacobian term. This remapping is called aberration, but
there is a second effect, which is the change in temperature caused by the Lorentz transformation
itself, called modulation. If one were to measure the blackbody temperature directly along each
line of sight, the modulation would cancel the Jacobian factor. However, real measurements
of temperature anisotropies are derived from measurements of the intensity within a certain
bandpass, which makes the modulation effect frequency dependent [211], and means that the








+ 2(1 − bν)
]
β〈cos θ〉, (4.2.7)
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TE EE TEEE
Parameter Default Extended Default Extended Default Extended
100Ωbh2 2.333 ± 0.073 2.330 ± 0.074 2.24 ± 0.12 2.23 ± 0.012 2.295 ± 0.048 2.302 ± 0.050
Ωch
2 0.1202 ± 0.0074 0.1203 ± 0.0076 0.1045 ± 0.0077 0.1051 ± 0.083 0.1099 ± 0.048 0.1093 ± 0.050
ns 0.972 ± 0.032 0.972 ± 0.032 1.038 ± 0.045 1.037 ± 0.047 0.997 ± 0.024 0.996 ± 0.024
H∗0 67.7 ± 2.7 67.6 ± 2.8 73.4 ± 3.7 73.2 ± 3.9 71.3 ± 2.1 71.5 ± 2.2
Ase
−2τ 1.862 ± 0.075 1.84 ± 0.12 1.712 ± 0.070 1.69 ± 0.15 1.779 ± 0.054 1.802 ± 0.084
Tcal 1.0000 ± 0.0034 0.9993 ± 0.0099 1.0000 ± 0.0034 0.9996 ± 0.0098 1.0000 ± 0.0034 0.9992 ± 0.0099
Pcal 1.000 ± 0.011 0.992 ± 0.047 1.000 ± 0.011 0.992 ± 0.045 1.003 ± 0.010 1.010 ± 0.019
Table 4.2: Best fit values and one sigma errors for each cosmological parameter using
the default and extended priors on the calibration parameters Pcal and Tcal, for the TE
and EE likelihoods alone, and their combination TEEE. H0 has units of km s−1Mpc−1.
with ν0 ≡ kBT0/h ≈ 57GHz. The value bν = 1 corresponds to actually measuring the
temperature instead of measuring intensity within a bandpass. If we now go back to Eq. 4.2.4












which is equivalent to the exact expression of Eq. 4.2.7 for bν = 0, i.e. no modulation
correction. We conclude that Eq. 4.2.4 used in the SPTpol likelihood code accounts for
aberration alone (no modulation), while Eq. 4.2.3 which is mentioned in H18, as well as other
works such as [210] accounts for both aberration and modulation corrections, assuming bν = 1.
It is important to point out, however, that bν can present significant departures from unity. In
fact, for Planck at 150 GHz, bν is of order two, and at 217 GHz of order three. Since the effect
of these changes in the amplitude of the local power spectrum is tied up with exactly how the
calibration is done, we will keep using Eq. 4.2.4 in the rest of this analysis.
We find a similar problem with the super-sample lensing correction, for which the equation
on H18,






is correct, but the public likelihood code calculates the wrong quantity:






This has been corrected in the rest of this analysis. Although the aberration, modulation and
super-sample lensing corrections should be used correctly, they do not significantly affect the
parameter constraints or values of χ2 for SPTpol.
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Figure 4.2: Posterior distributions of the ΛCDM model parameters using the default
and extended priors in the calibrations in red and grey respectively for the TE and EE
only likelihoods on the top and bottom plots respectively. In blue are the parameter
constraints from Planck 2015 using the base_plikHM_TT_lowTEB likelihood. Units of
km s−1Mpc−1 are assumed for H0. In this plot, and throughout the rest of this thesis,
the contours show 68% and 95% confidence levels.
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Figure 4.3: Posterior distributions of the ΛCDM model parameters using the de-
fault and extended priors in the calibrations in red and grey respectively for the
TE+EE likelihood. In blue are the parameter constraints from Planck 2015 using the
base_plikHM_TT_lowTEB likelihood. Units of km s−1Mpc−1 are assumed for H0.
4.3 Priors in calibration parameters
In this section, we discuss the effect of the calibration parameters and their priors on the
cosmological parameter estimation of H18. The SPT team calibrates their TE and EE spectra
multiplying their theoretical predictions which are being compared to the data by 1/(T2calPcal)
and 1/(T2calP
2
cal) respectively, where Pcal and Tcal are nuisance parameters that are varied in the
MCMC analysis. This parameterization was already used in the 100 Square Degrees SPTpol
analysis [212]. Tcal and Pcal are expected to be close to unity, so Gaussian priors centred on
one are used for both parameters. The prior used by H18 for Tcal has a standard deviation
of 0.0034 based on matching beam amplitudes as discussed in their paper. The case of Pcal
is more complicated, as this parameter is degenerate with the polarization efficiency. H18
corrects for polarization efficiency by comparing their 150 GHz polarization maps to Planck
143 GHz at the map level, and obtains Pcal = 1.06 ± 0.01. H18 explains that this discrepancy
is ‘the subject of ongoing study’, and they deal with this issue by applying the 1.06 calibration
factor to their E-mode maps and using a Gaussian prior on Pcal with a standard deviation of
0.01. The problem with this is that the Planck 143 GHz maps were calibrated with the ground
based polarization efficiencies, which have large errors of ∼ 1% at the map level. As noted
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by H18, the Pcal = 1.06 ± 0.01 calibration is surprising: a 6% correction at the map level is
much larger than expected for the SPTpol detectors, but in fact from the Planck 2018 analysis
[1; 148], we estimate that the Planck 143 GHz polarization efficiency is actually too high by
∼ 1.5%. This exacerbates the problem with SPTpol since it implies that Pcal ∼ 1.075 calibrated
against Planck 143 GHz. Evidently, the polarization calibration of SPTpol is not understood.
We are concerned that applying a Pcal = 1.06±0.01 calibration with such a small error can lead
to inconsistencies between the SPTpol TE and EE likelihoods, and biases using the combined
TE+EE likelihood.
We therefore investigate what happens if we impose less restrictive priors: We repeat
the analysis, extending the priors on Tcal and Pcal, to study the effect of wider priors on
parameter constraints. We do this using the corrections on the covariance matrix and on the
aberration and super-sample lensing corrections described in the previous section. We use
priors Tcal = 1.0±0.01 and Pcal = 1.0±0.05, and refer to this analysis as ‘extended’ as opposed
to the ‘default’ analysis using the H18 prior. Our results are summarized in Figs. 4.2 and 4.3,
and in Table 4.2.
The first thing we see in the figures is that extending the priors in the calibration parameters
increases the errors in the parameter estimates. In particular, it has a very significant effect
on the errors on the amplitude parameter Ase−2τ , which as mentioned in H18 is the parameter
most in tension with Planck, since SPTpol obtains a value significantly lower, especially when
the EE likelihood only is used. We can see in Figs. 4.2 and 4.3 how by using wider priors
on the calibration parameters the tension with Planck is reduced to below 2σ making these
parameter constraints consistent. We also notice how extending the priors inTcal and Pcal breaks
the degeneracy directions in the parameter combinations involving Ase−2τ . These problems
with the SPT polarization calibration mean that amplitude parameters determined from SPTpol
should be treated with caution.
4.4 Multipole cuts
The goal of this section is to identify the multipole range that causes both the bad fit to the
SPTpol data obtained from a 6-parameter ΛCDM cosmology, and the differences in parameter
constraints with the Planck 2015 results within the framework of ΛCDM. This is done with a
repetition of the analysis from H18 in which high and low multipoles are analysed separately,
using different multipole cuts and comparing each cosmology with Planck, as well as studying
the goodness of fit of each multipole range. In H18 this is done using a single cut to separate
between low and high multipoles at ` = 1000. Since the cosmology they obtain for ` ≥ 1000
is in tension with Planck, they claim that the cause for the tension could be new physics at high
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Figure 4.4: Posterior distributions of the ΛCDM model parameters using multipole
cuts `max = 1000 (top) and `max = 1500 (bottom). In green we show the EE only
likelihood, in gray the TE only, and in red the TE+EE combination. In blue are the
parameter constraints fromPlanck 2015 using the base_plikHM_TT_lowTEB likelihood.
Units of km s−1Mpc−1 are assumed for H0.
4.4. Multipole cuts 93
Figure 4.5: Posterior distributions of the ΛCDM model parameters using multipole
cuts `max = 2000 (top) and `max = 2500 (bottom). In green we show the EE only
likelihood, in gray the TE only, and in red the TE+EE combination. In blue are the
parameter constraints fromPlanck 2015 using the base_plikHM_TT_lowTEB likelihood.
Units of km s−1Mpc−1 are assumed for H0.
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Figure 4.6: Posterior distributions of the ΛCDM model parameters using a multipole
cut `max = 4000 (top) and for the full spectrum (bottom). In green we show the EE
only likelihood, in gray the TE only, and in red the TE+EE combination. In blue
are the parameter constraints from Planck 2015 using the base_plikHM_TT_lowTEB
likelihood. Units of km s−1Mpc−1 are assumed for H0.
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multipoles, above ` ∼ 2000, which is the highest measured by Planck polarization. However,
within the framework of ΛCDM, parameters should converge to almost their true values by
` ≈ 2000.
Our results are shown in figures 4.4, 4.5, 4.6 and in Table 4.3. Here we use the default
priors on the calibration parameters Pcal and Tcal as opposed to the extended priors discussed
in the previous section. Our reason to do this is that we want to understand the origin of the
differences between SPTpol and Planck pointed out in H18. Therefore we maintain their priors
in these two parameters. The figures illustrate the multipole range causing the tension between
SPTpol and Planck. As mentioned in H18, for a multipole cut of `max = 1000 the results
from SPTpol are very compatible with Planck. However, we notice that as soon as we move
to `max = 1500 the tensions start to arise, and these keep increasing for `max = 2000. Higher
multipole cuts do not seem to change the parameter constraints significantly. This goes against
the idea from H18 that the tension comes from something that is happening at multipoles high
enough that they cannot be measured by Planck. Instead, the tension originates in multipoles
between 1000 and 2000.
This idea is further reinforced by the results shown in Table 4.3, which shows how the
parameter constraints experience big changes between `max = 1000 and `max = 2000, but the
changes between this point and `max = 4000 are insignificant. In particular, the table shows how
the EE likelihood shows larger changes for different multipole cuts. In any case, it is clear that
the differences between SPTpol and Planck do not originate at multipoles above ` ∼ 2000. To
quantify the significance of these differences in parameter values between SPTpol and Planck
within the framework of ΛCDM , we can asses the significance of such parameter differences in
the following manner: Let us define the vector ∆p as the difference between the cosmological
parameters on SPT and Planck, and calculate
χ2p = ∆p
TCP−1∆p, (4.4.1)
where CP is the covariance matrix for SPTpol cosmological parameters, and we are neglecting
the contribution from errors in the Planck parameters as they are a lot smaller. The corres-
ponding PTE is obtained using 5 degrees of freedom corresponding to the five cosmological
parameters. The results are shown in the right column of Table 4.3. We get a PTE of 0.64
for the TE spectrum alone, and of 0.14 for the EE spectrum, which is indicating that TE is
perfectly consistent while the differences in EE are not significant. Not even the differences in
the full spectra are significant, with a PTE of 0.08, i.e. less than 2σ. Therefore, the parameter
differences between SPTpol and Planck within this cosmology are not significant.
We now turn to the problem of the poor fit of the SPTpol data to a 6-parameter ΛCDM
cosmology. To do this, we explore the different values of χ2, also shown in Table 4.3. In this
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Planck SPTpol





TE+EE 112 149.5 3.2 138.5 2.4 9.37 0.10
TE 56 72.6 2.5 71.2 2.4 3.03 0.70
EE 56 68.7 2.1 61.1 1.3 7.55 0.18
Table 4.4: Chi squared values for the best fit Planck and SPTpol cosmologies on
the SPTpol TE+EE, TE and EE likelihoods using wide priors on the calibration
parameters Pcal and Tcal, the meaning of each column is explained in the text. The
Planck cosmology is obtained using the base_plikHM_TT_lowTEB likelihood.
table, Nb gives the number of bandpowers in each spectrum and χ2min is calculated using Eq.
4.4.1. Nσ is an estimate of the deviation from the expectation 〈χ2min〉 = Ndof where Ndof is the
number of degrees of freedom, and as in H18 it is given by the number of bandpowers minus
8, corresponding to 5 cosmological parameters and three nuisance parameters with flat priors.






The values of χ2 clearly highlight the difference between the TE and EE likelihoods. The
former provide a good fit to the data at low multipoles, that gets worse as higher multipoles are
included, reaching the 2σ level at `max = 2500, and the 3σ level at `max = 4000. The inclusion
of multipoles between 4000 and 8000 improves the fit to the TE data, bringing the tension back
to 2.3σ for the full multipole range. In the case of EE, ΛCDM provides a poor fit to the data at
lowmultipoles, but the goodness of fit improves as higher multipoles are included, with Nσ < 2
for multipoles above 2000. The combined TE+EE likelihood gives a poor fit to ΛCDM for the
entire multipole range, driven by the EE spectrum at low multipoles, and the TE spectrum at
high multipoles. This trend of the SPTpol data to disfavour both the ΛCDM cosmology and the
Planck parameter values within that cosmology is partially driven by a small number of outliers
in the data. A careful look at the spectra shows such outliers with more than a 2σ deviation
from the best-fit cosmology at ` = 124, 1874, 2449, and 3249 for TE and ` = 1974, 6499 for EE.
Note that, while these outliers match the trend in χ2 for TE, they do not account for the poor fit
of the EE spectrum at low multipoles. As shown by Table 4.3, the SPT spectra have a high χ2
per degree of freedom, therefore the fact that there are several points showing residuals at more
than 2.5σ raises the issue of possible problems with the SPTpol error model. This may explain
why the differences at the parameter level between SPTpol and Planck (Eq. 4.4.1) are much
less significant: This statistic uses differences in χ2 rather than its absolute value, therefore it
is less sensitive to the normalization of χ2.
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Finally, we turn to the effects of the priors on the SPTpol calibration parameters introduced
in Sec. 4.3, and repeat the assessment of tension with Planck and goodness of fit with wider
priors on Pcal and Tcal. As mentioned in Sec. 4.3, widening the priors is expected to reduce
the tension between Planck and SPTpol, through an increase in the error of the amplitude
parameter Ase−2τ , which is driving most of this tension. We repeat the study of differences in
parameter values with respect to Planck using Eq. 4.4.1 for default and wide priors. Although
it would be possible to use this method to compare the SPTpol likelihoods with default and
wide priors directly, this would not be as simple as using Eq. 4.4.1. This is because of three
reasons: First, if we were to do this, we would need to account for correlations between both
likelihoods; second, it would require considering not only the five cosmological parameters but
also the calibration and nuisance parameters; and finally, we would need to take into account
the covariance matrices from both likelihoods, while in our analysis we can safely neglect the
contribution from errors in Planck.
Table 4.4 shows the same numbers shown in Table 4.3 but using the wide priors in Pcal and
Tcal. We see how the values of Nσ are slightly reduced, but widening the priors does not have
a large impact on the goodness of fit, which could have been expected, since Sec. 4.3 showed
that the main effect of widening the priors is an increase of the errors. There are some minimal
improvements in the Nσ from the Planck best fit, since now a high value of the amplitude
Ase−2τ is less ‘punished’ by the wider priors. As expected, there are improvements in χ2p:
widening the priors reduces the tension with Planck in every case.
4.5 Conclusions
In this chapter, we have performed several analyses on the SPTpol likelihood to try to gain a
better understanding of possible tensions withPlanck. We have found some problems and errors
with the public SPTpol likelihood used in H18, in particular concerning the way the separate
TE and EE analyses are performed, and the aberration and super-sample lensing corrections.
These changes produce significant reductions in χ2 for the individual TE and EE spectra.
We have also discussed problems with the polarization calibration used by SPTpol. We
have motivated the choice of a wider prior in the polarization calibration, and shown that
this significantly changes the errors in cosmological parameters, in particular, the parameter
combination Ase−2τ , which drives the tension in parameter values with Planck. By widening
the priors in the calibration parameters, especially in the polarization parameter Pcal, this tension
is significantly reduced.
We explore the origin of the tension between SPTpol and Planck by repeating the H18
analysis with different cuts on the multipole range, to determine where this tension originates.
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The SPTpol analysis [205] suggests that the difference could come from multipoles above the
maximum measured by Planck in polarization (` = 1996). However, multipoles ` > 2000
from SPTpol do not provide strong constraints on cosmological parameters. By using different
multipole cuts, we find that the difference with Planck is mainly caused by points in the SPTpol
spectra in the multipole range 1000 . ` . 2000. Evaluating the importance of the parameter
differences, we find that these are not significant within the framework of ΛCDM .
The different multipole cuts are also used to understand the high values of χ2 reported by
H18. Marginal evidence (below 3σ) of poor fits to ΛCDM is found from both the TE and EE
spectra. The combined TE+EE likelihood disfavours the Planck cosmology at more than 3σ.
This poor fit is likely to be caused by outliers in the data with respect to a ΛCDM cosmology.
These could be indicative of problems in the SPTpol error model.
The main conclusion is that the claims by H18 that multipoles ` > 2500 are the main cause
for the tension between SPTpol and both Planck and ΛCDM are not supported by our results.
Outliers in the data with respect to a ΛCDM cosmology are present over the full multipole
range. While the origin of these outliers is not clear, it is possible that they are caused by
problems with the error model applied by SPTpol. Future data releases from ACTPol and
SPTpol should clarify this issue.

Part III







The effect of Limber and flat-sky
approximations on galaxy weak lensing
5.1 Introduction
The amplitude and shape of the mass fluctuation spectrum are of fundamental importance to
cosmology. The mass fluctuation spectrum can be used to test the physics of the early Universe,
its contents, and the nature of gravity. In addition, it determines the timescales and evolutionary
paths for the formation of non-linear objects such as galaxies and galaxy clusters that we see in
the Universe today.
Observations of the cosmic microwave background (CMB) [21; 47] have led to precision
measurements of the shape of the fluctuation spectrum and via gravitational lensing of the
CMB can constrain its amplitude down to redshifts z ∼ 2. Determining the amplitude at lower
redshifts is, however, challenging. Weak gravitational lensing of galaxies is a particularly
promising technique. Several weak lensing analyses [98; 213; 214; 215; 216] have reported
constraints on the amplitude of the fluctuation spectrum as measured by the parameter σ8.a
The results from two surveys, CFHTLenS [215] and KiDS [98], are discrepant with the Planck
constraints on the parameter combination σ8Ω0.5m , where Ωm is the present-day matter density
parameter, at about the 2.5σ level, assuming the standard six-parameter ΛCDM cosmology
(which we will refer to as the base-ΛCDM model). The possibility of new physics beyond
base-ΛCDM [106] merits close scrutiny of both the weak lensing and CMB data.
aHere, σ8 is the rms amplitude of the mass fluctuations in spheres of radius 8h−1 Mpc, where h is the Hubble
constant in units of 100 km s−1 Mpc−1.
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Recently, Ref. [217] investigated the Limber approximation [218] and a number of other
small-angle approximations used to relate weak lensing observables to the three-dimensional
matter power spectrum. The first version of that paper concluded that such approximations could
contribute significantly to the tension between the CMB measurements and weak lensing data.
This conclusion, if correct, would have important implications for cosmology and motivated
the analysis presented in this chapter.
The chapter is structured as follows. In Sec. 5.2 we derive the full two-point statistics
for weak galaxy lensing in different tomographic redshift bins in full generality, i.e., without
using flat-sky or Limber-like approximations (extending the work of Refs [219; 220]). We then
compare the exact formulae to small-angle approximations. Section 5.3 applies these formulae
to the latest tomographic weak lensing data from CFHTLenSa [215] and assesses the impact
of these approximations on cosmological parameters and on the tension with the base-ΛCDM
constraints from Planck. Our conclusions are presented in Sec. 5.4. Appendix A provides more
detail on some of the results used in the main text.
5.2 Two-point statistics
Our aim in this section is to present exact expressions for two-point weak lensing statistics and
then to apply small-angle approximations. Further details of the calculations that underlie these
results are given in Appendix A. Throughout, we assume a spatially-flat universe.
We start from the definition of the lensing potential φ(n̂) as a function of the gravitational
potentialΦ(x, χ) at (comoving) position x and look back time χ, integrated along the line-of-








q( χ)Φ( χn̂, χ), (5.2.1)
where χ is the comoving radial distance. In this equation n( χ) is normalized so that∫










where χH is the distance to the particle horizon.
















Φ( χn̂, χ)Φ( χ′n̂′, χ′)
〉
. (5.2.3)
aThe data used in this chapter is publicly available at https://github.com/sjoudaki/cfhtlens_revisited.
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Expanding the two-dimensional lensing potential φ in spherical harmonics, and the gravitational








to the unequal-time dimensionalmatter power spectrum Pδ (k; χ, χ′). If we further approximate
the unequal-time power spectrum as separable (which is exact in linear theory; see [221] for the
impact of non-linear evolution), i.e.,
Pδ (k; χ, χ′) ≈
[
Pδ (k; χ)Pδ (k; χ′)
]1/2 , (5.2.5)
























1 + z( χ)
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The main observable in weak galaxy lensing surveys is the shear, which can be described by the
spin-2 field γ = ð2φ/2, where ð is the spin-raising operator (Eq. 1.3.13c). The expansions of









(ε`m − i β`m)−2Ỳ m(n̂), (5.2.8)
where ε`m are the multipoles of the E-mode of the shear and β`m for the B-modes. For lensing
in the Born approximation, as considered here, the gravitational shear has only E-modes
with ε`m =
√
(` + 2)!/(` − 2)!φ`m/2. The angular power spectrum of the lensing potential,









The shear γ is defined relative to the θ and φ directions. The two-point functions of the
shear in real space are simplest when the shear at the two points, n̂1 and n̂2, are rotated onto
bases generated by the great circle through the two points (and the orthogonal directions).
If we denote the rotated shear by an overbar, e.g., γ̄(n̂1), the shear correlation functions for
tomographic bins r and s are defined as
ξ+(θ; r, s) = 〈γ̄∗r (n̂1)γ̄s (n̂2)〉 , ξ−(θ; r, s) = 〈γ̄r (n̂1)γ̄s (n̂2)〉, (5.2.10)
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where θ is the angle between n̂1 and n̂2. The correlation functions ξ± can be expressed in terms
of the shear power spectrum asa
















where d`mn are the reduced Wigner D-matrices. The equations above are all exact and make no
use of the Limber or flat-sky approximations.
5.2.1 Limber approximation
The exact expressions for the power spectra, Eqs. (5.2.6a) and (5.2.6b) are time consuming
to evaluate accurately at high multipoles due to the rapid oscillations of the spherical Bessel
functions. Many analyses adopt the Limber approximation instead, which is accurate at large `
and much easier to compute. In the Limber approximation, we effectively replace the spherical
Bessel function in Eq. (5.2.6b) with a delta-function,




δD (ν − k χ), (5.2.12)
where ν = ` + 1/2. The wavenumber k is then related to radial distance χ via the relation
k χ = ν. This approximation is accurate if the rest of the integrand in Eq. (5.2.6b) is slowly
varying compared to the spherical Bessel function, which is generally the case at large `
(see [219] for a careful discussion). Making this approximation in Eq. (5.2.6b), and using
Eqs. (5.2.6a) and (5.2.9), we recover the familiar Limber formula for the shear power spectrum












1 + z( χ)
]2 qr ( χ)qs ( χ)Pδ (ν/χ; χ). (5.2.13)
5.2.2 Flat-sky approximations
Mathematically, the flat-sky approximations consist of replacing the expansion in spherical
harmonics by an expansion in Fourier modes. The relation between shear and lensing power







The reduced D-matrices for high multipoles can be approximated by Bessel functions [223]:
d`2 +2(θ) ≈ J0(`θ) d
`
2 −2(θ) ≈ J4(`θ), (5.2.15)
aEquation (48) of Ref. [222] incorrectly has the d`2±2 replaced by Legendre polynomials in these expressions
for the spherical correlation functions.
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and together with the Limber-approximated expression (5.2.13), we obtain the usual expression
for the shear power spectrum [224] mentioned in the introduction (Eq. 1.3.25)









1 + z( χ)
]2 qr ( χ)qs ( χ)Pδ (ν/χ; χ), (5.2.16a)
and the correlation functions (Eqs. 1.3.26a and 1.3.26b)




d``J0(`θ)Cεε` (r, s), (5.2.16b)




d``J4(`θ)Cεε` (r, s). (5.2.16c)
Note that we have replaced ν by ` in the prefactor of the Limber-approximated power spectrum,
Eq. (5.2.13), and also in the expressions (5.2.11a) and (5.2.11b) for the correlation functions
[(2` + 1)/(4π) → `/(2π)]. We have, however, retained ν in the argument of the matter power
spectrum.
In this chapter, we compare exact results with two flat-sky approximations: (i) Equa-
tions (5.2.16a–5.2.16c) with ν = (` + 1/2) in the argument of the matter power spectrum,
which is the approximation used in the tomographic analysis of CFHTlenS and KiDS weak
lensing dataa (we call this ‘flat-sky no prefactor’); and (ii) Equations (5.2.13), and (5.2.16b–
5.2.16c) with ν = (` + 1/2) in both the prefactor and the matter power spectrum (which we
call ‘flat-sky with prefactor’). These two approximations differ from each other only in the
prefactor of the shear power spectrum. The spectrum with the prefactor is smaller by a factor
of approximately 1 − 5/(2`2). We shall compare each of these approximations to the exact
expressions (5.2.6a–5.2.6b) and (5.2.11a–5.2.11b).
5.3 Application to CFHTLenS data
In this section we investigate the impact of the small-angle approximations on current weak
lensing parameter constraints using the CFHTLenS survey as an example. CFHTLenS is based
on imaging data from the Canada-France-Hawaii telescope in five photometric bands. In the
reanalysis of [215], the data is divided into seven tomographic redshift bins with photometric
redshifts spanning the range 0.15 < z < 1.30. We use the calibrated redshift distributions to
compute the exact shear power spectrum, as well as the ‘flat-sky no prefactor’ and the ‘flat-sky
with prefactor’ spectra, using the formulae presented in the previous section assuming the
best-fit parameters of [215]. Figure 5.1 shows the resulting shear power spectra for the third
and fourth tomographic redshift bins. This shows that the small-angle approximations have
aNote that Eq. (4) in [98] uses ν = ` in the argument of the matter power spectrum; however, the public KiDS
likelihood code uses ν = ` + 1/2.
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Figure 5.1: Shear power spectra for the third (left) and fourth (right) tomographic
redshift bins of the revised CFHTLenS data set assuming the best-fit parameters
of [215], illustrating the effects of the small-angle approximations discussed in the
text. The red lines use the same approximations as in the tomographic analyses of
the CFHTlenS and KiDS weak lensing data, while the blue lines are from the exact
calculation.
negligible impact except at multipoles ` <∼ 10. However, the CFHTLenS analyses are insensitive
to these multipoles.
We can see explicitly that the small-angle approximations have negligible impact on the
CFHTLenS analysis by looking at the shear correlation functions ξ+ and ξ−. Figure 5.2 shows
the predictions for ξ+ and ξ− for the various approximations assuming the best-fit parameters
of [215] for tomographic redshift bin 3, together with the data points and 1σ errors from [215].
Compared to the large errors on the CFHTLenS data points, the effects of adopting small-angle
approximations are negligible over the angular scales probed by the data.
As a final test, we perform parameter estimation (with CosmoMC [186; 190]) sampling
the CFHTlenS likelihood as in [215] comparing the ‘flat-sky prefactor’ with the ‘flat-sky no
prefactor’ approximations.a As expected from Fig. 5.1, the impact of these approximations on
cosmological parameters such as σ8 and Ωm is undetectable within the convergence errors of
the parameter chains (and therefore well below the 1σ errors on cosmological parameters).
5.4 Conclusions
The analysis presented here shows that the small-angle Limber and flat-sky approximations
that are typically used in the analysis of galaxy weak lensing have no significant impact on
aWe have not tested the exact calculation since it is too slow to be used in CosmoMC. However, the differences
between the exact correlation functions and those with the ‘flat-sky no prefactor’ approximation are about twice as
large as the differences between the two flat-sky approximations, so our analysis should still be representative of the
actual errors introduced by the small-angle approximations.
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Figure 5.2: Shear correlation functions ξ+ (left) and ξ− (right) for the third tomo-
graphic redshift bin of CFHTLenS. The points show the CFHTLenS measurements
together with 1σ errors. The model curves show the effects of the small-angle ap-
proximations described in the text, assuming the best-fit parameters of [215].
cosmological parameters derived from current data. Kilbinger et al. [222] have reached similar
conclusions recently, as does the revised version of [217]. Three independent analyses are
therefore in agreement that small-angle approximations have no bearing on the discrepancy
between the amplitude of the mass fluctuation spectrum inferred from the CFHTLenS or







Statistical inconsistencies in the
KiDS-450 data set
6.1 Introduction
This chapter continues the work of the previous chapter, trying to understand the reported
tension in the parameter combination S8 ≡ σ8(Ωm/0.3)0.5, between galaxy weak lensing
surveys and the Planck 2016 valueab S8 = 0.850 ± 0.024 [21, Henceforth, P16] derived from
the Planck temperature power spectrum and low multipole polarization (TT+lowTEB, in the
notation of P16). Several ambitious deep imaging projects have reported results recently. These
include the Canada France-Hawaii Telescope Lensing Survey [CFHTLenS, 213; 214; 215],
Deep Lens Survey [DLS, 225], Dark Energy Survey [DES, 97; 216; 226] and Kilo Degree
Survey [KiDS, 98; 111]. Weak lensing analysis of these surveys can be used to constrain
the parameter combination S8, with results which span a range of values. The reanalysis of
CFHTlenS by [215] finds S8 = 0.732+0.029−0.031; [225] find S8 = 0.818
+0.034
−0.026 from DLS; [216]
find S8 = 0.81 ± 0.06 from the DES Science Verification data; [98] (hereafter H17) find
S8 = 0.745 ± 0.039 from a tomographic correlation function analysis of KiDS while [111]
(hereafter K17) find S8 = 0.651± 0.058 from a tomographic power spectrum analysis of KiDS.
The DES Year 1 weak lensing analysisc [226] gives S8 = 0.789+0.024−0.026. Some of these values are
aUnless stated otherwise, we quote ±1σ errors on parameters.
bThis work was performed before the publication of the Planck 2018 results [1] . Because the parameter S8
does not change significantly (S8 = 0.840± 0.024 for Planck 2018 using the TT+lowE likelihood), the analysis was
not repeated using the latest Planck data.
cDES Year 1 results [97; 226] appeared after this work was done and so will not be discussed in detail.
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in tension with Planck. For example, H17 find a 2.3σ discrepancy between KiDS and Planck,
while K17 find a 3.2σ discrepancy. However, the results from these different surveys do not
agree particularly well with each other (even when using the same shear catalogue), showing
differences in the value of S8 at the ∼ 1.4σ level. There is also a 2.3σ discrepancy between the
results from K17 and the KiDS+GAMA analysis of [227].
A statistically significant tension between the Planck ΛCDM cosmology and weak galaxy
lensing could have important consequences for fundamental physics [e.g. 106]. But how
seriously should we take the weak lensing results? A minimal requirement is that a cosmic
shear data set should be internally self-consistent. The main purpose of this chapter is to show
that this does not seem to be the case with KiDS if we use the covariance matrix computed of
H17. We discuss in Appendix B how our results change if we use a more accurate covariance
matrix from [4].
Before we begin, we make a few remarks concerning cosmic shear analysis. Most analyses
involve estimation of correlation functions ξ+ and ξ− as a function of relative angular separation
θ, or of the cosmic shear E-mode power spectrum Cεε
`
as a function of multipole `. The relation






As discussed in Chapters 1 and 5, for a cross-power spectrum between redshift bins i and j, the
shear power spectrum is related to the non-linear matter power spectrum Pδ by Eq. 1.3.25:











1 + z( χ)
]2 qi ( χ)q j ( χ)Pδ ( ` + 1/2S( χ) , z( χ)
)
, (6.1.2)
where, as explained in the introduction, χ is the comoving radial distance, S( χ) is the comoving
angular diameter distance to distance χ, and qi ( χ) is the lensing efficiency for tomographic
redshift bin i (Eq. 1.3.19):




S( χ − χ′)
S( χ)
ni ( χ), (6.1.3)
where χH is the comoving Hubble distance and ni ( χ) is the effective (weighted) number
density of galaxies in redshift bin i normalized so that
∫
ni ( χ)dχ = 1. Even if the image
analysis is assumed to be free of systematic errors and biases, inferences on cosmology require
an accurate model of the redshift distribution ni ( χ), which in turn requires accurate calibration
of the photometric redshifts used to define the redshift bin i. A key test of the accuracy of the
photometric redshift calibrations would be to demonstrate consistency between distinct cross-
correlations i, j. However, this is not straightforward because of intrinsic ellipticity alignments
between neighbouring galaxies (II term) and between gravitation shear and intrinsic shear (LI
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term) described in Sec. 1.3.2. The power spectraa of these terms are usually modelled as (Eqs.
1.3.29 and 1.3.30):























1 + z( χ)









[99; 101]. In these equations,




where, as mentioned in the introduction, D(z) is the linear growth rate of perturbations (Eq.
1.2.44) normalized to unity at the present day, and C = 5×10−14h−2M−1 Mpc3 is a normalizing
constant. With this choice, the intrinsic alignment amplitude is expected to be of order unity
(and positive if intrinsic ellipticities are aligned with the stretching axis of the tidal field).
This model of intrinsic alignments is heuristic and simplified (see [228] for a more complex
alignment model). Even in the context of this model, the intrinsic alignment amplitude may
vary with redshift, luminosity, and galaxy type. For current weak lensing surveys, intrinsic
alignments are not benign. The contributions of Eqs. 6.1.4 are comparable to any claimed
tensions between the Planck value of S8 and those inferred from cosmic shear surveys (with
positive AI A raising the value of S8 and negative values lowering S8). How can we test
the intrinsic alignment model? The conventional solution is to introduce additional nuisance
parameters to characterize uncertainties in the intrinsic alignment model [e.g. 229], relying on
the redshift dependence of the measured signals to disentangle true cosmic shear from intrinsic
alignments. This, of course, requires accurate knowledge of the redshift distributions and their
errors.
Current cosmic shear data is still relatively sparse, with a small number of measurements
in coarse redshift bins. The number of internal consistency checks of the data and the various
components of the model (including nuisance parameters) is therefore limitedb. In Sec. 6.2 we
perform consistency tests of the KiDS data from H17. In Sec. 6.3 we compare the KiDS results
with Planck and measurements of redshift space distortions and rich cluster abundances, which
provide independent measures of the amplitude of the matter fluctuations at similar redshifts to
those of the KiDS galaxies. Sec. 6.4 compares the results from various weak lensing analyses.
Our main conclusions are presented in Sec. 6.5.
aNeglecting B-modes.
bThe situation is very different to the CMB, where there is a large amount of information to separate a
high amplitude frequency independent cosmological signal with a distinctive power spectrum from low amplitude
foregrounds with smooth power spectra.
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Parameter Symbol H17 prior Extended prior
Cold dark matter density Ωch2 [0.01,0.99] [0.01,0.99]
Baryon density Ωbh2 [0.019,0.026] [0.019,0.026]
100 x approximation to θMC 100θMC [0.5,10] [0.5,10]





Scalar spectral index ns [0.7,1.3] [0.1,2]
Hubble parameter h [0.64,0.82] [0.50,3]
IA amplitude AI A [-6,6] [-6,6]
Feedback amplitude B [2,4] [2,4]
Table 6.1: Uniform priors used by H17 and in our extended analysis
6.2 Tests of the KiDS data
We use the KiDS cross-correlation measurements of ξ+ and ξ− in four tomographic redshift
bins as reported by H17 together with the associated CosmoMC likelihood module and covariance
matrixa. For reference, the four redshift bins span the following ranges in photometric redshift
zB: 0.1 < zB ≤ 0.3 (bin 1), 0.3 < zB ≤ 0.5 (bin 2), 0.5 < zB ≤ 0.7 (bin 3), 0.7 < zB ≤ 0.9
(bin 4).
6.2.1 Extended priors
We start by repeating the original analysis performed by H17, but extending their ‘fiducial’
priors (first entry on their Table 4) on some of the cosmological parameters. Our priors are
given in table 6.1. This is motivated by the fact that, in the posterior distributions shown in
Figures F1 and F2 of H17, the parameter H0 seems to be constrained only by the prior, showing
a clear preference for high values. Similarly, the analysis presented in H17 reports a best fit
value for the scalar spectral index ns that is bigger than one, as opposed to the value obtained
by Planck. Our results are shown in Figs. 6.1 and 6.2 and Table 6.2.
The main effect is a displacement in the posteriors of the parameters shown in Table 6.2
at a level of significance above 1σ when wider priors are allowed. In the case of the Hubble
parameter, the displacement is greater than 2σ, and the prior extends well into the regime of
non-physical values. Indeed, with our extended priors, the best fit value of H0 chosen by the
data is more than 2σ away from the value of 73.24 ± 1.74kms−1Mpc−1 obtained by the latest
direct measurements of Riess et al [230]. When we allow H0 to go to higher values, the scalar
spectral index ns goes down below unity through the degeneracy illustrated in Fig. 6.1. This
preference of the data for values of the parameters that are clearly unphysical is an indicator
that there is a problem with the data.
aDownloaded from http://kids.strw.leidenuniv.nl.
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Parameter H17 best fit ‘Extended prior’ best fit Nσ
Ωch2 0.115 ± 0.042 0.38 ± 0.19 1.36
H0 [ km s−1Mpc−1] 74.7 ± 5.0 203 ± 58 2.21
ns 1.09 ± 0.13 0.82 ± 0.22 1.06
σ8 0.85 ± 0.16 1.45 ± 0.38 1.46
Ωm 0.249 ± 0.078 0.108 ± 0.057 1.46




and the derived parameters
σ8 and Ωm. The second and third columns are the best fit values and 1σ errors
for the ‘fiducial’ analysis of H17 and our analysis with extended priors, the fourth
column is the number of standard deviations by which these differ, obtained as Nσ =





Fig. 6.2 shows the constraints on σ8 and Ωm with ‘fiducial’ and ‘extended’ priors, and
the corresponding constraints from the Planck TT+lowTEB+lensing likelihood. We see how
allowing for wider priors in the parameters displaces the KiDS results along the degeneracy
direction further away from Planck, increasing the tension between surveys. However, the
parameter combination S8 does not change significantly with this change in priors from S8 =
0.745 ± 0.039 (fiducial) to S8 = 0.797 ± 0.053 (extended). The effect of the choice of priors in
the tension in the Ωm − σ8 plane between KiDS and Planck, which is one of the main results
of H17, stresses the importance of motivating and justifying the choice of priors. As a final
remark, the intrinsic alignment parameter is also not affected by this change, other than by an
increase in the error (from AI A = 1.11 ± 0.64 to AI A = 1.33 ± 0.91).
This section has demonstrated the sensitivity of the KiDS data to the choice of priors. If
the priors allow it, the data favour values of cosmological parameters that differ significantly
from the expected values. This should not be the case if the data was free of systematics and
the ΛCDM model was the correct theory. Henceforth, we will use the ‘default’ KiDS priors
and test internal consistency of KiDS.
6.2.2 Removal of redshift bins
In this section, we study internal consistency of the KiDS data through the removal of different
redshift bins. We used the same angular ranges, photometric redshift calibrations and errors,
nuisance parameters and priors as in ‘fiducial’ analysis in H17 (first entry in their Table 4).
We verified that we recovered the identical best-fit χ2 (162.8) and constraint on S8 (S8 =
0.745 ± 0.039). We then removed all cross-correlations involving one of the photometric
redshift bins. The results are summarized in Table 6.3 and in Fig. 6.3.
The first point to note is that the intrinsic alignment amplitude is reasonably stable to the
removal of photometric redshift bins. All of the posteriors shown in Fig. 6.3 are consistent
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the posteriors obtained from the ‘fiducial’ priors of H17, in red our extended priors.
The rest of the primary parameters are not affected by the new priors.
Table 6.3: Conditional χ2 tests removing photometric redshift bins
yD S8 AI A χ2cond Nσcond
minus z-bin 1 0.745 ± 0.040 1.14 ± 0.85 61.0 (52) 0.89
minus z-bin 2 0.754 ± 0.042 1.24 ± 0.80 66.3 (52) 1.40
minus z-bin 3 0.771 ± 0.039 1.25 ± 0.57 78.2 (52) 2.60
minus z-bin 4 0.684 ± 0.071 −0.1 ± 1.7 87.9 (52) 3.52
minus ξ− 0.778 ± 0.040 1.10 ± 0.73 89.7 (60) 2.71
minus ξ+ 0.705 ± 0.048 0.92 ± 0.97 84.1 (70) 1.20
Notes: The first column defines the portion of the data vector (yD) used to fit the model. The second and
third columns give the marginalised mean values of S8, AI A and their 1σ errors. The fourth column gives
the conditional χ2cond, as defined in Eq. 6.2.9, for the rest of data vector, x
D . The numbers in parentheses
list the length, Nx, of the vector xD . The fifth column gives the number of standard deviations by which
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Figure 6.2: Marginalized 2D posterior distributions of the parameters σ8 and Ωm.
In blue the posteriors obtained from the ‘fiducial’ priors of H17, in red our extended
priors, in grey Planck TT+lowTEB+lensing.
with the intrinsic alignment solution from the full dataset (AI A = 1.10+0.68−0.54). However, it is
also clear that redshift bin 4 carries a high weight in fixing AI A. With redshift bin 4 removed,
the posterior distribution develops a long tail to negative values that is cut-off by the lower end
of the AI A prior (uniform between −6 < AI A < 6). As a consequence of this long tail, the best
fit value of S8 with bin 4 removed is driven to lower values and its error increases substantially
compared to the full sample (lower panel of Fig. 6.3 and Table 6.3). Redshift bin 4 is therefore
critical in pinning down the intrinsic alignment solution and reducing the error on S8.
If redshift bin 3 is removed, S8 rises and the constraints in the S8 − Ωm plane become
compatible with Planck (Fig. 6.3). This is not unexpected, because one can see from Fig. 5 of
H17 that the best-fit fiducial model tends to sit high for all cross-spectra involving tomographic
redshift bin 3 (particularly for ξ−). With redshift bin 3 removed, there is substantial overlap in
the posteriors in the S8−Ωm plane with those from the full sample and with the other subsets of
the data summarized in Table 6.3. However, these various estimates of S8 are highly correlated
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Figure 6.3: The upper panel shows the posteriors for the intrinsic alignment parameter
AI A (Eq. 6.1.5) as we remove all cross-correlations involving a particular redshift bin.
The lower panel shows the 68 and 95% constraints on S8 for the data minus redshift
bin 3 (orange) and minus redshift bin 4 (grey). The blue contours show the Planck
constraints from the TT+lowTEB+lensing data combination as given in P16.
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since they share common data. Are the parameter shifts seen in these subsets statistically
reasonable? We turn to this question next.
We can perform a more elaborate statistical consistency test by dividing the data vector into
two components:
zD = (xD, yD). (6.2.1)
We can then fit yD to a model (including nuisance parameters), ŷ. The model parameters also
make a theory prediction for the data partition xD , which we denote x̂. We can then write the
theory vector for zD as
ẑ = (λx̂, ŷ), (6.2.2)
introducing a new parameter λ. Evidently, if the data partitions and model are consistent, the
new parameter λ should be consistent with unitya. The tests described in this Section are all
based on the ΛCDM model, but with a free amplitude. Since cosmic shear measurements have
very limited ability to fix shape parameters, and the data cuts that we apply cover similar redshift
ranges, it seems reasonable to interpret differences in λ as indicative of systematic errors in the
data. To recap, we run MCMC chains to determine the model parameters from a data partition
yD and determine a single amplitude parameter λ by fitting to the rest of the data xD . The
posterior distributions of λ for the data cuts of Table 6.3 are shown in Fig. 6.4.
The upper plot in Fig. 6.4 compares the amplitudes λ− (fitting the model parameters to ξ+
) and λ+ (fitting the model parameters to ξ−). This agrees with the visual impression given
by Fig. 5 of H17, namely that ξ− wants a low amplitude while ξ+ prefers a high amplitude.
Integrating these distributions,∫ 1
0
P(λ−)dλ− = 2.9 × 10−3, (6.2.3)∫ ∞
1
P(λ+)dλ+ = 4.2 × 10−2. (6.2.4)
A value of λ = 1 therefore lies in the tails of both posterior distributions. These results show
that ξ− sits about 2.8σ low compared to the best fit ΛCDM cosmology determined from ξ+.
The lower plot in Fig. 6.4 tests consistency between photometric redshift bins including
both ξ+ and ξ− in the fits. The parameters λi (with i running from 1− 4) are computed for data
partitions in which yD excludes all cross-correlations involving photometric redshift bin i. In
this test, photometric redshift bin 3 is an outlier with∫ 1
0
P(λ3)dλ3 = 1.3 × 10−2, (6.2.5)
aNote that this is a very simplified consistency test, based only on allowing the amplitude of the spectra to
vary. After this work was produced, [231] introduced a similar, more general method called posterior predictive
distribution (PPD). However, our very simplified test is enough to highlight the issues in the KiDS-450 data.
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Figure 6.4: Posterior distributions of the parameter λ defined in Eq. 6.2.2. The upper
figure shows the distributions if the model parameters are fitted to ξ+ (denoted λ−)
and to ξ− (denoted λ+). The lower figure shows the posterior distributions of λ for
partitions of the data in which all cross-correlations involving a particular tomographic
redshift bin are removed from the fit to the theoretical model (e.g. λ3, corresponds
to a theoretical model fitted to all cross-correlations that do not involve tomographic
redshift bin 3).
suggesting that the data involving photometric redshift bin 3 is inconsistent with the rest of the
data at about the 2.2σ level. Again, this accords with the visual impression from Fig. 5 of
H17, which shows that cross-correlations in both ξ+ and ξ− involving photometric redshift bin
3 tend to lie below their best fit model.
Instead of using an amplitude parameter λ, we can and calculate the most likely data vector
xD conditional on the fit to yD
xcond = x̂ + CxyC−1yy (yD − ŷ). (6.2.6)
If the best-fit model is known exactly, the covariance of xcond is
Ccondxx = Cxx − CxyC−1yyCyx . (6.2.7)
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Figure 6.5: The upper two panels show cross-correlations ξ+ and ξ− involving tomo-
graphic redshift bin 3 (red points). The numbers in each plot identify the cross-
correlation (e.g. 1, 3 denotes redshift bin 1 crossed with redshift bin 3). The grey
bands show the allowed ±1σ (dark grey) and ±2σ (light grey) ranges allowed by the
fits to the rest of the data. The lower two panels show the equivalent plots, but for
cross-correlations involving tomographic redshift bin 4.
However, in our application the best-fit model is determined by fitting the data vector yD and
so the uncertainty in the best-fit model contributes an additional variance to Ccondxx :
C′condxx = Ccondxx + ∆C
cond
xx , (6.2.8)
which we determine empirically by sampling over the MCMC chains. In our application,
∆Ccondxx is a small correction to Ccondxx .
As a test of the consistency of the data we compute a conditional χ2:
χ2cond = (x
D − xcond)T (C′condxx )−1(xD − xcond). (6.2.9)
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The results of these tests are summarized in Table 6.3 and are consistent with the λ-tests shown
in Fig. 6.4a. Eliminating ξ− leads to a substantial increase in S8 that is incompatible with ξ− at
about 2.7σ. The redshift bin 3 component of the data vector is inconsistent with the rest of the
data vector at about 2.6σ. However, the χ2cond reveals a new inconsistency: the redshift bin 4
component of the data vector is inconsistent with the rest of the data vector at about 3.5σ.
The origin of the high values of χ2cond for these various partitions of the data vector is clear
from Fig. 6.5. The figure shows the data vector (red points) for all cross-correlations involving
redshift bin 3 (upper two panels) and those involving redshift bin 4 (lower two panels) compared
to the expectations xcond conditional on the rest of the data (Eq. 6.2.6). The grey bands show
±1 and ±2σ ranges around xcond computed from the diagonal components of Eq. 6.2.8. The
top two panels of Fig. 6.5 show that cross-correlations involving redshift bin 3 want a lower
amplitude than the rest of the data. This problem is particularly acute for ξ− for the (3, 3) and
(3, 4) redshift bin cross-correlations. These two cross-correlations carry quite high weight in
fits to the full data vector (driving S8 down), yet they are inconsistent at nearly ∼ 2.6σ with the
rest of the data. A possible explanation for this discrepancy is an inaccuracy in the calibration
of the photometric redshifts for bin 3. In fact [227] present evidence for a 2.3σ negative shift
of ∆z ≈ −0.06 for this redshift bin. They find no evidence for significant shifts in the other
redshift bins.
As summarized in Table 6.3, removing redshift bin 4 lowers the value of S8 but increases
the errors on S8 substantially because the intrinsic alignment amplitude is less well constrained.
From Fig. 6.5 this low amplitude solution appears to match reasonably well with the general
shape of the rest of the data vector, but now we see a high value of χ2cond arising from outliers.
In the lower two panels of this figure, 8 out of 52 data points sit outside the conditional ±2σ
rangeb. Several of these outliers are at large angular scales and are not obvious in plots using
errors computed from the diagonals of the full covariance matrix (e.g. Fig. 5 of H17). However,
the KiDS covariance matrix tells us that the data vector should be correlated across different
tomographic redshift bins. What Fig. 6.5 shows is that the KiDS correlation functions display
significantly higher variance than expected from the KiDS covariance matrix, particularly at
large angular scales and for correlations involving redshift bin 4. This excess variance is
a serious problem because it means that the KiDS errors on cosmological parameters are
systematically underestimated, especially if data at small angular scales is excluded.
Our analysis shows strong evidence for a statistical inconsistency between the KiDS es-
timates of ξ+ and ξ−. H17 and [227] find evidence for non-zero B-modes in the KiDS data
at small angular scales (θ < 4.2′), indicative of systematics. If systematic errors contribute
aThis conditional χ2 neglects possible non-Gaussian tails. A full PPD analysis [231] would possibly produce
small changes in the results from Table 6.3, but is not expected to change the conclusions.
bAssuming Gaussian statistics, the p−value for this is about 2.4 × 10−3.
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equally to the tangential and cross distortions (and this has not been demonstrated for KiDS),
then the B-modes will affect ξ+, but not ξ−. Eliminating ξ+ entirely from the fits lowers S8
to 0.705 ± 0.048 (see Table 6.3) with χ2 = 82.2 for 50 degrees of freedom (a 3.2σ excess).
In other words, if one argues that the difference between ξ+ and ξ− is indicative of systematic
errors in ξ+, then the tension between KiDS and Planck is exacerbated.
6.3 Comparison with other techniques for measuring the
amplitude of the fluctuation spectrum
The results of the previous section show that there are some worrying internal inconsistencies in
the KiDS dataset as analysed in H17. These inconsistencies suggest that we should be cautious
in interpreting the KiDS constraints on cosmology. However, the tests in themselves do not tell
us the causes of the inconsistencies, or their impact on the estimates of S8. Is the amplitude
of the matter fluctuations at redshifts z <∼ 1 really lower than expected in the Planck ΛCDM
cosmology?
Another way of studying the amplitude of the matter power spectrum is via redshift space
distortions [RSD, 232] as discussed in Sec. 1.3.6. RSDprovide ameasurement of the parameter
combination fσ8, where f is the logarithmic derivative of the linear growth rate with respect





and a = (1 + z)−1. In the ΛCDM model, f ≈ Ωm(z)0.55 and so RSD measure the parameter
combination σ8Ω0.55m , i.e. similar to the parameter combination S8 up to a known constant.
Measurements of RSD from the DR12 analysis of the Baryon Oscillation Spectroscopy Survey
(BOSS) have been reported by [116]. These measurements are for three redshift slices with
effective redshifts zeff = 0.38, zeff = 0.51 and zeff = 0.61, substantially overlapping with the
redshift range of the KiDS survey. [233] have recently used the Supercal Type Ia supernova
compilation [234] together with independent distance measurements of galaxies [235] to meas-
ure fσ8 at zeff = 0.02. The Planck ΛCDM cosmology is in excellent agreement with these
measurements of fσ8 over the entire redshift range z = 0.02 − 0.61. The consistency between
Planck and the RSD measurements is illustrated in Fig. 6.6, where we have combined the
BOSS and Supercal RSD measurements to produce constraints in the σ8 − Ωm planea. The
RSD constraints are in mild tension with the KiDS correlation function analysis of H17, and in
aThis is done using the final_consensus_dV_FAP_fsig data files and covariance matrix downloaded from
https://sdss3.org/science/boss_publications.php. We then scanned the likelihood, using uniform priors in H0 and
Ωmh2 to rescale the BOSS distance DV and Alcock-Paczynski [114] parameter FAP to the fiducial sound horizon
used in the BOSS analysis, fixing Ωbh2 to the P16 ΛCDM value.
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Figure 6.6: Constraints in the σ8 − Ωm plane assuming the spatially flat ΛCDM cos-
mology. The 68% and 95% contours from Planck are shown in blue. The constraints
from the H17 fiducial KiDS analysis are shown in green. The grey contours show
the constraints from the power-spectrum analysis of KiDS reported by K17. The red
contours show the constraints from redshift-space distortions (RSD) as discussed in
the text.
even greater tension with the tomographic power-spectrum analysis of KiDS described by K17
using the same shear catalogue.
The abundance of rich clusters of galaxies (selected at various wavelengths) has been
used in a number of studies to constrain the amplitude of the fluctuations spectrum at low
redshift [e.g. 236; 237; 238; 239; 240; 241; 242]. As summarized in several of these papers,
calibration of cluster masses is a major source of uncertainty in this type of analysis. Two
recent studies [240; 242] use weak gravitational lensing mass estimates from the ‘Weighing
the Giants’ programme [243; 244; 245] to calibrate cluster scaling relations. [240] use an
X-ray selected sample of clusters from the ROSAT All-Sky Survey covering the redshift range
0 < z < 0.5, finding σ8(Ωm/0.3)0.17 = 0.81 ± 0.03. [242] use a sample of clusters identified
with the South Pole Telescope with median redshift zmed = 0.53 to infer σ8(Ωm/0.27)0.3 =
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0.797 ± 0.031. Both of these estimates are consistent with the Planck P16 ΛCDM cosmology
obtained from the TT+lowTEB+lensing data combination: σ8(Ωm/0.3)0.17 = 0.818 ± 0.009,
σ8(Ωm/0.27)0.3 = 0.848 ± 0.012. Thus, there is no convincing evidence for any discrepancy
between rich cluster counts and the expectations from the Planck-ΛCDM cosmology. The [242]
study is particularly interesting because it covers a similar redshift range to those of the BOSS
RSD and KiDS measurements, yet is consistent with Planck and RSD.
6.4 Comparison of weak lensing estimates of S8: the importance
of intrinsic alignments
Fig. 6.6 shows a discrepancy between the H17 and K17 analyses, which are based on the
same shear catalogue. There is little doubt that the H17 and K17 analyses are incompatible,
since not one of the 14, 469 samples in the K17 MCMC likelihood chaina has parameters close
to those of the best fit found by H17. In fact, [227] (hereafter vU17) have computed cross
power-spectra from ξ+ and ξ− for the KiDS data using the identical redshift bins to those
used in K17. Their auto-spectrum for the highest redshift bin differs substantially from the
quadratic estimate of K17. The origin of this difference is not understoodb. Another pointer that
the K17 results are affected by systematic errors comes from the intrinsic alignment solution.
K17 find AI A = −1.72+1.49−1.25 which has the opposite (and from the theoretical perspective,
counterintuitive) sign to that found by H17. This difference drives down the amplitude of S8
in the K17 analysis. Both the direct comparison of spectra reported by [227] and the shift to a
negative intrinsic alignment amplitude suggest that the K17 analysis is suspect.
The key point that we want to emphasise here is that the intrinsic alignment parameter AI A
is not a benign ‘nuisance’ parameter [for reviews see e.g. 246; 247]. The modelling of intrinsic
alignments is degenerate with the cosmological parameters of interest, σ8, Ωm, and S8, and
so the model and associated parameters matter. Systematic errors in the data can be absorbed
by the intrinsic alignment model and this will have an impact on cosmology. For example,
[227] have noted that the parameter AI A can absorb systematic errors in the calibrations of
photometric redshift distributions. (This can also be inferred from Fig. 6.3 which shows the
sensitivity of the intrinsic alignment solution for the KiDS data to the highest photometric
redshift bin). Implausible (e.g. strongly negative) values of AI A suggest systematic errors and
should therefore be followed up.
aKiDS450_QE_EB_4bins_3zbins_basez_ia_bary_nu.txt, downloaded from http://kids.strw.leidenuniv.nl.
bNote that the quadratic estimator used by K17 is sensitive to noise estimation, particularly if there are B-mode
systematics (which are known to be present in the KiDS data). Inaccurate noise estimation would primarily affect
the auto-spectra, where the noise levels are high compared to the cosmological signal (see Fig. 4 of H17).
126 Chapter 6. Statistical inconsistencies in the KiDS-450 data set
Figure 6.7: S8 plotted against the intrinsic alignment amplitude for various surveys
together with 1σ errors on S8 and AI A. The grey bands show the 1σ and 2σ constraints
from Planck. The data points are as follows: CFHTLenS [215]; DLS [225]a; K17
shows the power spectrum analysis of KiDS [111]; H17 shows the correlation function
analysis of KiDS [98]; vU17 shows the constraints from combining Pgg, Pgm and
PE measurements from KiDS and GAMA data [227]; DES17 shows the cosmic shear
constraints from DES year 1 data [226] (note that the DES analyses uses a redshift
dependent model of intrinsic alignments, as described in the text); DES+17 shows the
combination of DES year 1 cosmic shear results with galaxy-galaxy and galaxy-shear
measurements [97].
As an example, one of the lowest weak lensing determinations of S8 comes from the
reanalysis of the revised CFHTLenS data [106]. However, these authors find a strongly negative
value of AI A = −3.6±1.6, a value which seems unlikely for any reasonable mix of galaxy types.
The recent DES analysis of [226] uses a redshift dependent amplitude: AI A[(1 + z)/(1.62)]η ,
finding AI A = 1.3+0.5−0.6, η = 3.7
+1.0
−2.3
b. [226] also test a more elaborate ‘mixed’ alignment
aNote that the [225] ‘baseline’ analysis of DLS use a luminosity dependent model of intrinsic alignments and
impose a flat prior of 5.14 < AI A < 6.36, motivated by the results of [248]. However, they find that their results on
S8 are insensitive to AI A (see their Fig. 12), presumably because of the huge depth of DLS.
bThese constraints become AI A = 0.5+0.32−0.38, η = 0
+2.7
−2.8 with the addition of galaxy-galaxy and galaxy-shear
data, [97]). These authors argue that an amplitude of AI A ∼ 0.5 is consistent with their selection criteria if only red
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model based on the work of [228]. This model leads to a downward shift of S8 by about 1σ,
demonstrating that uncertainties in themodelling of intrinsic alignmentsmakes a non-negligible
contribution to the errors in cosmological parameters.
Returning to theKiDS survey, oneway of achieving better control of intrinsic alignments and
photometric redshift calibration errors is to add additional types of data. vU17 have analysed
the shear power spectra from KiDS, PE (constructed by integrating over ξ+ and ξ−). In
addition, they use the Galaxies Mass Assembly (GAMA) redshift survey [249; 250] to compute
the galaxy-mass power-spectra, Pgm by cross-correlating the KiDS shear measurements with
GAMA galaxies, and the galaxy-galaxy power spectra Pgg. From Pgm + Pgg, they find
S8 = 0.853 ± 0.042. Combining with PE , they find AI A = 1.30 ± 0.40 and S8 = 0.801 ± 0.032
(consistent with the Planck and RSD results shown in Fig. 6.6).
Fig. 6.7 gives a summary of the results discussed in this Section. The two analyses that
are most discrepant with the S8 value from Planck (CFHTLenS and K17) both have strongly
negative intrinsic alignment solutions. The H17 results are in tension with Planck but become
consistent with Planck with the addition of galaxy-galaxy and galaxy-mass data (vU17). The
DES year 1 analyses plotted in Fig. 6.7 are both consistent with Planck. The intrinsic alignment
solutions of vU17 and [97] (i.e. AI A ∼ 1) seem physically plausible given the mix of galaxy
types expected in these surveys.
6.5 Conclusions
The main purpose of this chapter has been to highlight and quantify internal inconsistencies in
the KiDS cosmic shear analysis. Our main conclusion is that more effort is needed to resolve
inconsistencies in the KiDS data. This includes understanding the origin of the B-modes,
systematic differences between ξ+ and ξ−, the parameter shifts seen by excluding photometric
redshift bin 3, the large excess χ2 and scatter at large angular scales. Until this is done, it seems
premature to draw inferences on new physics from KiDS.
Comparison of Planck with other measures of the amplitude of the mass fluctuations,
principally redshift space distortions from BOSS, reveals no evidence for any inconsistencies
with thePlanck base-ΛCDMcosmology. We have also reviewed cosmic shear constraints on S8,
emphasising the degeneracy between intrinsic alignments and cosmology. As summarized in
Fig. 6.7 the two analyses which yield the lowest values of S8 both have strongly negative values
of AI A. The DES 1 year analyses are consistent with the Planck ΛCDM value for S8 [97; 226]
and give physically plausible values for AI A. The H17 value of S8 from KiDS sits about 2.3σ
low compared to Planck, but is pulled upwards with the addition of galaxy-galaxy, galaxy-mass
galaxies contribute to the intrinsic alignments.
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data (vU17). Overall, we conclude there is no strong evidence for any inconsistency between
the Planck ΛCDM cosmology and measures of the amplitude of the fluctuation spectrum at low
redshift.
All the internal inconsistencies found in the KiDS data in this chapter used the covariance
matrix from H17. Appendix B repeats the internal consistency tests described in this chapter
to the KiDS data using the corrected covariance matrix described in [4]. As described by
Appendix B, this corrected covariance matrix, combined with a correction of the effective
centres of the tomographic angular bins, raises the value of the parameter combination S8, and
increases the errors in parameter constraints, alleviating the tension with Planck as well as
some of the internal inconsistencies described in this chapter.
After this work was done, members of the KiDS collaboration published a paper in response
[251]. In this paper, the authors use a different statistical method to asses internal consistency.
Their method is a variation of the posterior predictive distribution [231], that they call translated
predictive distribution (TPD). This methods obtains less significance in the differences between
redshift bins, but a higher significance in the difference between the separate ξ+ and ξ− analyses.
The authors of [251] agree that the corrections of the covariance matrix introduced in [4] solve





Model independent H (z) reconstruction
using the cosmic inverse distance ladder
7.1 Introduction
The Planck satellite has provided strong evidence in support of the ΛCDM cosmology and
has measured the six parameters that define this model to high precision [21; 47, hereafter
P16 and P14 respectively]. In particular, P16a found a value of the Hubble constant of
H0 = 67.27 ± 0.66 km s−1Mpc−1. As pointed out in P16, other data combinations give similar
values of H0, for example combiningWMAPandBAOdata gives H0 = 68.0±0.7 km s−1Mpc−1.
A ‘low’ value of H0 is therefore not solely driven by highmultipole CMB anisotropies measured
by Planck but is necessary if the ΛCDM cosmology is to fit a range of cosmological data.
In contrast, direct measurements of the cosmic distance scale have consistently found a
higher value of H0. The SH0ESb project uses Cepheid period-luminosity relations, together
with local distance anchors, to calibrate distances to Type Ia SNe host galaxies. The SH0ES
programme has reported measurements of H0 of increasing precision over the last few years
[125; 230; 252; 253]. The latest value from the SH0ES collaborationc is H0 = 73.48 ±
1.66 km s−1Mpc−1 [125, hereafter R18], which is consistent with but has a much smaller error
aThis value is for the full temperature and polarization analysis in P16. It is consistent with the value
H0 = 67.36 ± 0.54 km s−1Mpc−1 from the latest Planck analysis [1] derived for the TT,TE,EE+lowE+lensing
likelihood combination.
bSupernovae and H0 for the Equation of State.
cAs this work was nearing completion, [254] reported new Hubble Space Telescope photometry of long period
Milky Way Cepheids. Together with GAIA parallaxes [255] these measurements increase the tension between
Planck and the distance ladder estimate of H0 to 3.8σ.
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than earlier determinations from the Hubble Space Telescope key project [256].
The 3.5σ difference between the SH0ES determination of H0 and the value inferred from
Planck for the ΛCDM cosmology is one of the most intriguing problems in modern cosmology.
Perhaps unsurprisingly, there have been many attempts to solve the problem by introducing
new (and sometimes highly speculative) physics [e.g. 126; 127; 128; 129; 130]. There have
also been several reanalyses of the SH0ES data [257; 258; 259; 260] which, apart from minor
details, agree well with the analyses by the SH0ES collaboration, though [261] conclude that
the Gaussian likelihood assumption used in the SH0ES analysis may overestimate the statistical
significance of the discrepancy.
In this chapter, we apply the inverse ladder [134; 135; 136; 137; 262; 263; 264] to derive
an estimate of H0. In our application, we combine SNe data from the Pantheon sample [265]
with BAO measurements from the 6dF Galaxy Survey (6dFGS) [266], Baryon Oscillation
Spectroscopic Survey (BOSS) [116] and Sloan Digital Sky Survey (SDSS) quasars [117; 119;
120]. To calibrate the inverse distance ladder, we impose priors on the sound horizon at the end
of the radiation drag epoch, rd. However, instead of assuming a particular cosmological model,
we fit a flexible parametric model describing the evolution of the Hubble parameter H (z). The
FRW metric then fixes the luminosity distance DL (z) in terms of H (z); the extrapolation of
H (z) to z = 0 is then independent of the low redshift properties of dark matter and dark energy,
as in the important analysis of [262]. Note that this extrapolation only relies on the FRWmetric,
and does not assume the equations of General Relativity.
The analysis presented here is similar to recent analyses by [231], who parameterized DL (z)
with a third-order Taylor expansion (characterized by the deceleration and jerk parameters q0
and j0), by [267], who parameterized H (z) on a discrete grid in z and by [263] who reconstruct
H (z) by interpolating piece-wise cubic splines specified by a small number of knots. In this
chapter, we parameterize H (z) as a smooth function of redshift. Our analysis is closely related
to that of [263], except that we use more recent (and more constraining) BAO and supernova
data to extrapolate to a value of H0 rather than fixing the sound horizon, and we demonstrate
explicitly that the discrepancy with the direct measurement of H0 is insensitive to whether the
BAO scale is normalized using priors on the sound horizon derived from Planck or WMAP.
The layout of this chapter is as follows: In Section 7.2 we introduce our parameterization
of H (z) and the priors on rd that we use to calibrate the distance scale. The datasets used in
this analysis are described in Section 7.3 and our results are presented in Section 7.4. Section
7.5 presents our conclusions.
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7.2 Inverse distance ladder
7.2.1 H (z) parameterizations
According to the FRW metric, the Hubble parameter H (z) fixes the luminosity distance DL (z)
introduced in Section 1.1.5 and comoving angular diameter distance DM (z) according to









where we have assumed that a spatially flat geometry is an accurate description of our Universe.
We adopt the following parametric form for H (z):
H2(z) = H2fid
[
A(1 + z)3 + B + Cz + D(1 + z)ε
]
, (7.2.2)
with A, B,C, D and ε as free parameters. We refer to this parameterization as the ‘epsilon’
model. The normalising factor Hfid is fixed at Hfid = 67 km s−1Mpc−1 and is introduced so that
the free parameters A to D are dimensionless and of order unity. In the base ΛCDM cosmology,
H (z) = H0
[
Ωm(1 + z)3 + (1 − Ωm)
]1/2
, (7.2.3)
where Ωm is the present day total matter density in units of the critical density. Equation (7.2.3)
applies at low redshifts when contributions to the energy density from photons and neutrinos











(1 − Ωm), C = D = 0, ε , 0, (7.2.4)
with a degeneracy between B and D for ε = 0.
The base ΛCDMmodel assumes that dark energy is a cosmological constant with equation
of state w = p/(ρc2) = −1. In models of evolving dark energy, the equation of state is often
parameterized as




With this equation of state, and arbitrary curvature Ωk ,
H2(z) = H20 [Ωm(1 + z)
3 + Ωk (1 + z)2 + ΩDE(1 + z)−3(1+w0+wa )e−3waz/(1+z)], (7.2.6)
where ΩDE = 1 − Ωm − Ωk . In our application of the inverse distance ladder, the data that
we use spans the redshift range 0.1 − 2.4 (see Section 7.3). Over this redshift range, the
parameterization of equation (7.2.2) accurately reproduces equation (7.2.6) for extreme values
of w0, wa and Ωk . Provided H (z) is a smoothly varying function of z, with no abrupt jumps,
the epsilon model provides an accurate description of the evolution of H (z) in a wide variety
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Dataset zeff Measurement Constraint
6dFGS 0.106 rd/DV (zeff ) 0.336 ± 0.015
BOSS DR12 0.38 DM (zeff )rd,eff/rd 1512 ± 25 Mpc
H (zeff )rd/rd,eff 81.2 ± 2.4 km s−1Mpc−1
0.51 DM (zeff )rd,eff/rd 1975 ± 30 Mpc
H (zeff )rd/rd,eff 90.9 ± 2.3 km s−1Mpc−1
0.61 DM (zeff )rd,eff/rd 2307 ± 37 Mpc
H (zeff )rd/rd,eff 99.0 ± 2.5 km s−1Mpc−1
eBOSS DR14 QSO 1.52 DA(zeff )rd,eff/rd 1850+90−115 Mpc
H (zeff )rd/rd,eff 159+12−13 km s
−1Mpc−1
BOSS DR12 Lyα 2.33 DM (zeff )/rd 37.8 ± 2.1
c/(H (zeff )rd) 9.07 ± 0.31
BOSS DR12 QSOxLyα 2.40 DM (zeff )/rd 35.7 ± 1.7
c/(H (zeff )rd) 9.01 ± 0.36
Table 7.1: BAO measurements used in this chapter. zeff gives the effective redshift
for each measurement. The BOSS DR12 and eBOSS DR14 QSO analyses adopt a
fiducial sound horizon of rd,eff = 147.78 Mpc. Note that [266] use the [268] formulae
to calculate rd .
of theories involving dynamical dark energy and interactions between dark energy, dark matter
and baryons.
As we will see in Section 7.4, the parameters of the epsilon model are strongly degenerate.




A′(1 + z)3 + B′ + C ′z + D′ln(1 + z)
]
. (7.2.7)
This is a less flexible parameterization than the epsilon model but the four free parameters in
equation (7.2.7) are less degenerate. In fact, we will find that the data constrain H (z) to be so
close to the form expected in the base ΛCDM cosmology that the epsilon and log models give
nearly identical results for H0.
7.2.2 The sound horizon
The principal datasets used in this analysis are Type Ia supernovae, for which we require
the luminosity distance DL (z), and BAO data which return joint estimates of DM (z)/rd and





















and ρb and ργ are the energy densities of baryons and radiation respectively. CMB experiments
such as Planck and WMAP [46] lead to precise determinations of rd, assuming the validity of
the ΛCDM model at high redshift. From the 2015 Planck Legacy Archive (PLA) tablesa we
have
rd = 147.27 ± 0.31 Mpc, Planck, (7.2.10)
rd = 148.5 ± 1.2 Mpc, WMAP9, (7.2.11)
where the Planck value is for the likelihood combination TE+TE+EE+lowTEB in the notation
of P16.b We use the PLA value for the nine-year WMAP estimate, rather than the value quoted
in [46], since (7.2.11) is calculated consistently using the Boltzmann solver CAMB [204].
The estimates of rd in (7.2.10) and (7.2.11) are extremely insensitive to physics at low
redshifts [136] (since the physical densities Ωmh2 and Ωch2 which enter in equation (7.2.8) are
fixed mainly by the relative heights of the CMB acoustic peaks) but assume the base ΛCDM
cosmology at high redshifts. By using these values as priors in the inverse distance ladder,
we are implicitly assuming that the base ΛCDM model is correct at high redshift though we
allow deviations from the model at low redshifts via the parameterizations of equations (7.2.2)
or (7.2.7). However, as discussed in P14 and P16, the parameters of the base ΛCDM found by
Planck are consistent with Big Bang Nucleosynthesis (BBN) constraints on Ωbh2 inferred from
deuterium abundance measurements in lowmetallicity systems at high redshift [131; 132; 133].
As emphasised by [269], BBN constraints can be used together with BAO data to provide a
consistency check of rd and H0 assuming the base ΛCDMmodel. We will revisit this constraint
in Section 7.4.2.
7.3 Data
The BAO measurements used in this chapter are summarized in Table 7.1. We use the BAO








Note that [266] use the [268] formulae to calculate rd. The CAMB code gives values that are lower
by a factor 1.027 and so the [266] numbers in Table 1 have been corrected to account for this
difference (for a more detailed discussion see Appendix B of [270]). We use the BOSS DR12
consensus BAO measurements [116] on DM (z) and H (z) in three redshift bands together
ahttp://www.cosmos.esa.int/web/planck/pla.
bThis is consistent with the value rd = 147.09±0.26 Mpc derived for thePlanck 2018 TT,TE,EE+lowE+lensing
likelihood combination [1].
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with the associated 6 × 6 covariance matrixa. We also use the eBOSS BAO measurements
from quasars in DR14 [117], from BOSS DR12 analyses of Lyman-α absorption in quasar
spectra [119] and BAO constraints from a Lyα-quasar cross-correlation analysis with BOSS
DR12 [120]. The high redshift measurements are less accurate than the BOSS DR12 galaxy
measurements, but serve to anchor the parameterizations (7.2.2) and (7.2.7) at redshifts greater
than unity. Note also that since the likelihoods for these high redshift measurements were not
available to us, and these data are relatively unimportant for fixing H0, we sampled over DM (z)
and H (z) assuming that they are Gaussian distributed and uncorrelated. The mild tension
between Lyman-α BAO and Planck reported by [119] has no significant impact on our results,
since supernovae data constrains the expansion history very tightly.
For the supernovae (SNe) data, we use the new Pantheon sampleb [265]. This dataset
contains SNe spanning the redshift range 0.01 < z < 2.3 drawn from a number of surveys: The
Pan-Starrs1 survey [271; 272], CfA1-CfA4 [16; 273; 274; 275], CSP [276; 277; 278], SNLS
[279; 280], SDSS [281; 282], SCP survey [283], GOODS [284] and CANDELS/CLASH survey
[285; 286; 287]. We also used the Joint Light-Curve Analysis (JLA) sample [288]. The JLA
compilation gives almost identical results for H0 as the Pantheon sample, so we do not present
those results here.
7.4 Results
7.4.1 Constraints on the expansion history
We use the CosmoMC packagec [186; 190] to sample the free parameters of the models. For rd,
we adopt Gaussian priors with dispersions as given in equations (7.2.10) and (7.2.11). For the
epsilon model, the parameters A, B and D are constrained to be positive and we impose the
constraint that ε > −5. For the log model we impose the conditions that A′ and B′ should be
positive.
The constraints on the parameters of eachmodel are illustrated in Figure 7.1. The parameters
in the epsilon model show complex degeneracies in comparison to the parameters of the log
model. Nevertheless, the expansion histories H (z) allowed by the two models are almost
identical as shown in Fig. 7.2. The overall scaling of H (z) is set by the rd prior. The BAO
and SNe data then strongly constrain the redshift dependence with the SNe and are particularly
important in fixing the slope of H (z) at low redshifts (as will be discussed in more detail below).
aBAO_consensus_covtot_dM_Hz.txt downloaded from http://www.sdss3.org/science/BOSS_
publications.php.




Figure 7.1: Posterior likelihoods for the ‘epsilon’ (above) and ‘log’ (below) paramet-
erizations of H (z). Blue contours show 68% and 95% constraints using the Planck
prior on rd . The red contours (largely hidden by the blue contours) show the constraints
using the WMAP prior on rd .
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Figure 7.2: H (z) reconstruction for the epsilon model (left hand panels) and log
model (right hand panels) for the Planck and WMAP priors on rd: The blue lines
show the best fits, and the bands show the allowed one and two sigma ranges. The
red points show the BAO estimates on H (z) from Table 7.1 plotted assuming the
central values of the priors on rd . The R18 SH0ES forward distance ladder estimate
of H0 = 73.48 ± 1.66 km s−1Mpc−1 is plotted as the green point in each panel.
The epsilon and log models give almost identical results, differing at redshifts z > 2.4 where
the models become unconstrained by the BAO and SNe data.
The main results of this chapter are illustrated in Fig. 7.3 which shows posteriors on H0 for
the epsilon model. We find
H0 = 68.42 ± 0.88 km s−1Mpc−1, Planck rd prior, (7.4.1)
H0 = 67.9 ± 1.0 km s−1Mpc−1, WMAP9 rd prior. (7.4.2)
The estimate (7.4.1) is about 1σ lower, and has a smaller error, than the similar analysis of
[263] (which gives H0 = 69.4 ± 1 km s−1Mpc−1) because of differences in methodology and
improvements in the BAO and SNe data. Both estimates (7.4.1) and (7.4.2) are much closer to
the Planck ΛCDM estimate of H0 than the SH0ES estimate of R18. The value inferred using
the Planck and WMAP rd priors are respectively 1σ and 0.5σ higher than Planck estimate
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Figure 7.3: Posteriors for the Hubble constant H0 derived from the epsilon model
using the WMAP and Planck rd priors. The grey bands show the one and two sigma
errors for the value obtained by R18, while the green bands show the Planck base
ΛCDM value from P16.
and 2.7σ and 2.9σ lower than the R18 value. Evidently, provided the FRW metric is valid,
the discrepancy with the R18 estimate of H0 is unlikely to be a consequence of new physics at
redshifts z <∼ 1.
These results are in excellent agreement with those of [231], who used an H (z) expansion
in terms of the present day values of the deceleration and jerk parameters introduced in Section









where a is the scale factor of the Friedman-Robinson-Walker metric and dots denote differen-
tiation with respect to time. Expanding to second order in z:
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For the base ΛCDM model with Ωm = 0.31, q0 = 1 − 3Ωm/2 = −0.535 and j0 = 1 and
the expressions (7.4.4) and (7.4.5) agree well with the exact forms of H (z) and DL (z) out
to a redshift z ≈ 0.6 (covering the redshift range of the BOSS DR12 galaxy measurements).
Fig. 7.4 shows our constraints on q0 and j0, which are determined mainly by the Pantheon
SNe sample and so are nearly independent of rd. These distributions are consistent with the
values expected in base ΛCDM. Although these distributions have extended tails, the gradient
dH (z)/dz at low redshifts is tightly constrained by the Pantheon SNe (Fig. 7.2) which is why it
is not possible to match the BAO H (z) measurements with the SH0ES estimate of H0. It is also
worth noting that the SH0ES methodology matches Cepheid-based distance measurements of
SNe host galaxies to more distant supernovae assuming the relation (7.4.5) with q0 = −0.55 and
j0 = 1, based on fits to the SNemagnitude-redshift relation. It is inconsistent, therefore, to apply
the R18 H0 measurement as a fixed prior, independent of the underlying cosmological model,
and to infer a cosmology that conflicts with the SNe magnitude-redshift relation since the SNe
magnitude-redshift relation is a fundamental part of the H0 determination. This inconsistency
needs to be borne in mind when using the direct measurement of H0 to set a scale for the sound
horizon [e.g. 262; 263].
7.4.2 Consistency of rd with high redshift physics
The inverse distance ladder constraints on H0 derived in this chapter assume that there is no
new physics at high redshift that can alter CMB estimates of rd. BBN provides a strong test
of new physics at high redshift and can, in principle, be used to test the consistency of CMB
estimates of rd. The most recent estimates [133] of the deuterium to hydrogen ratio D/H ,
based on seven low metallicity damped Lyα systems, give
105(D/H) = 2.527 ± 0.030. (7.4.6)
Assuming three (non-degenerate) neutrino families and BBN, the estimate (7.4.6) can be
converted into a constraint on Ωbh2. This conversion is, however, dependent on uncertainties
in the d(p, γ)3He reaction ratea. [133] use the theoretical reaction rate from [289] and the
aAs discussed in [1], these estimates are also sensitive to the BBN code used, as well as other reaction rates in
addition to the d(p, γ)3He rate.
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Figure 7.4: 68% and 95% constraints on the q0 and j0 parameters determined from
the epsilon model. These constraints are set mainly by the Pantheon SNe sample and
are almost independent of the prior on rd . The lines give the values of j0 and q0
expected in the base ΛCDM model with Ωm = 0.31.
experimental value from [290] to illustrate the sensitivity of Ωbh2. They find:
100Ωbh2 = 2.166 ± 0.019, Marcucci et al., (7.4.7)
100Ωbh2 = 2.235 ± 0.037, Adelberger et al., (7.4.8)
where the error in (7.4.8) is dominated by the error in the [290] cross-section. The estimate
(7.4.7) is lower by 2.4σ compared to the P16 TT+TE+EE+lowP value of 100Ωbh2 = 2.225 ±
0.016 for the base ΛCDM cosmology, whereas (7.4.8) is consistent with the P16 value to within
0.25σ. We consider these two values and associated error estimates in the analysis below.
We then follow [137] and [269] in using these BBN estimates together with supplementary
astrophysical data to infer rd assuming the base ΛCDM cosmology. Here we have combined
the BBN constraints with the BAO measurements and the Pantheon SNe sample, as described
in Section 7.3. The posteriors on rd are shown in Fig. 7.5 and are consistent with the rd
constraints from WMAP and Planck. To the extent that BBN probes early Universe physics,
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Figure 7.5: The CMB constraints on the sound horizon rd from WMAP and Planck
used in this chapter. The black and red curves show the posteriors on rd determined by
fitting to the BAO and Pantheon SNe data assuming the base ΛCDM cosmology and
BBN constraints on Ωbh2. The curve labelled BBN(M) assumes the [289] d(p, γ)3He
reaction rate. The curve labelled BBN(A) uses the experimental rate from [290].
we find no evidence for any inconsistency with the values of the sound horizon inferred from
CMB measurements.
[263] suggested that the H0 tension can be partially relieved by invoking extra relativistic
degrees of freedom in addition to the Neff = 3.046 expected in the standard model. This
solution is disfavoured by the latest Planck analysis. Allowing Neff to vary as an extension
to the base-ΛCDM cosmology, [1] find Neff = 2.99 ± 0.17, H0 = 67.3 ± 1.1 km s−1Mpc−1
and rd = 147.9 ± 1.8 Mpc for the TT,TE,EE+lowE+BAO+lensing likelihood combination.
Additional relativistic degrees of freedom are therefore tightly constrained by the latest data.
7.5 Conclusions
The precision and redshift reach of BAOmeasurements has improved substantially over the last
few years. Together with SNe data, it is now possible to reconstruct the time evolution of H (z)
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accurately without invoking any specific model of the physics of the late time Universe other
than the validity of the FRW metric. If we assume that there is no new physics at early times,
then CMB measurements constrain the sound horizon, rd, and this in turn fixes the absolute
scale of H (z) allowing an extrapolation to z = 0 to infer H0. Our results disagree with the direct
measurement of H0 from the SH0ES collaboration and are in much closer agreement with the
H0 value determined by Planck assuming the base ΛCDM cosmology. This conclusion holds
irrespective of whether we use a prior on rd from WMAP or from Planck.
Our results are consistent with previous work on the inverse distance ladder [e.g 134; 135;
231, P16]. In agreement with [263], we reach this conclusion without having to assume any
specific model for the time evolution of dark energy or its interaction with dark matter and
baryons. As long as there is no new physics in the early Universe that can alter the CMB
value of the sound horizon, the new BAO measurements from BOSS provide accurate absolute
measurements of H (z) in the redshift range 0.38 − 2.4. The SNe data then provide a strong
constraint on the gradient of H (z) at lower redshifts, which is compatible with the gradient
expected in the base ΛCDM cosmology. The data therefore do not allow a rise in H (z) at low
redshift with which to match the SH0ES direct measurement of H0. We conclude that it is not
possible to reconcile CMB estimates of H0 and the SH0ES direct measurements by invoking
new physics at low redshifts.
If the tension between the CMB estimates of H0 and direct measurements is a signature of
new physics, then we need to introduce new physics in the early Universe. This new physics
must lower the sound horizon by about 9% (i.e. to about 135 Mpc) compared to the values used
in this chapter while preserving the structure of the temperature and polarization power spectra
measured by CMB experiments. This new physics also needs to preserve the consistency









The goal of this thesis has been to test the Planck base ΛCDM cosmology. Following the latest
data release [1; 148], Planck has made measurements of the temperature and polarization of
the cosmic microwave background which are compatible with the standard ΛCDM model of
cosmology, and provided accurate estimates of the six parameters that define this model. In
this thesis, we have put the robustness of the Planck cosmology to a test, from a theoretical and
observational point of view, and using the high and low redshift Universe.
In the first part of this thesis, we focused on high redshifts. In Chapters 2 and 3 we tested
the goodness of fit of the ΛCDM model to the Planck data compared with models of inflation
that alter the power-law primordial power spectrum. Although we found problems with the
Planck polarization likelihoods which are not understood and may be caused by errors in the
Planck noise model at low multipoles, the main result of this analysis is that Planck does not
favour any changes from a pure power-law spectrum of fluctuations. In Chapter 4, we studied
the tension between Planck and SPTpol, and the possibility of departures from ΛCDM from
the SPTpol measurements at multipoles ` > 2500. We found that absolute values of χ2 are
strongly dependent on the SPTpol covariance matrix. We demonstrated that SPTpol parameters
have converged by ` = 2000. We conclude that, while SPTpol results are uncertain because
of problems with calibration and polarization efficiencies, there are no significant differences
comparing Planck and SPT at the parameter level, and the high values of χ2 reported by SPTpol
are at least partially driven by several outliers in the data spanning the entire SPTpol multipole
range, which could reflect problems with the SPTpol error model.
In the second part, we studied the low redshift Universe. In Chapter 5, we reviewed the
effect of the small-angle approximations commonly used in weak lensing surveys, and their
possible contributions to differences between weak lensing and CMB estimates of the amplitude
and shape of the matter power spectrum. We found that these approximations have a negligible
effect in cosmological parameter estimation with the accuracy of present-day experiments. In
Chapter 6, we found statistical inconsistencies in the KiDS-450 data. A revision of the KiDS
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covariance matrix eases these inconsistencies by increasing the errors, especially on large
angular scales. However, this does not mean that the KiDS data are free of systematics (for
example, the data shows a spurious B-mode). Finally, in Chapter 7, we studied the tension in
the expansion rate of the Universe between Planck and direct measurements, through an inverse
distance ladder analysis with a model-independent parameterization of the expansion history
of the Universe, and using baryon acoustic oscillations and supernovae data. We found that
this data produces values of the Hubble parameter compatible with Planck and in tension with
direct measurements, independently of the expansion history at low redshifts. We conclude
that if this tension is real, it requires an extension to the ΛCDM model at high redshifts that
reduces the sound horizon.
The conclusion of all these tests is that the six-parameter ΛCDMmodel of the Universe with
parameter values measured by Planck remains the most robust model of the Universe. Our tests
show that any possible deviations from the ΛCDM cosmology at high or low redshifts must be
small. In this so-called era of precision cosmology, it is fundamental for cosmological surveys










Galaxy weak lensing two-point statistics
A.1 Introduction
In this appendix we summarise results for the two-point statistics of the weak lensing observ-
ables, namely convergence and shear, on the spherical sky and also in the flat-sky limit. These
results are valid for both weak lensing of galaxies and of the CMB. As in Chapter 5, we assume
a flat universe throughout.
As explained in Sec. 1.3.2, the lensing potential φ(n̂, χ) for sources at comoving distance









Φ( χ′n̂, χ′), (A.1.1)
where Φ(x, χ) is the gravitational potential at comoving position x and conformal lookback
time χ.
If we average observables over sources with a redshift distribution n( χ), normalised such
that
∫
n( χ) dχ = 1, the relevant 2D lensing potential is given by Eq. 1.3.18:
φ(n̂) =
∫






q( χ′)Φ( χ′n̂, χ′), (A.1.2)
where q( χ) is the lensing efficiency defined in Eq. (1.3.19). In the case of CMB lensing, the
source distribution can be approximated by a delta-function at the surface of last scattering:
n( χ) = δD ( χ − χ∗). The lensing potential is a scalar field and can be expanded in spherical
harmonics as described by Eq. 1.3.20. The basic observables in weak lensing are the conver-
gence κ and the components γ1 and γ2 of the shear, defined in terms of the second derivatives
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of the lensing potential as
∇i∇jφ = κgi j +
1
2
(γ1 + iγ2)(m− ⊗ m−)i j +
1
2
(γ1 − iγ2)(m+ ⊗ m+)i j, (A.1.3)
where gi j is the metric on the sphere and the null vectors m± = θ̂ ± iφ̂. Here, θ̂ and φ̂ are unit
vectors along the θ and φ coordinate directions of a spherical-polar coordinate system. The
convergence κ = ∇2φ/2 describes isotropic magnification/dilation and is a scalar field. The
shear describes area-preserving distortions; the complex shear γ = γ1 + iγ2 is a spin-2 field








where ð is the spin-raising operator (Eq. 1.3.13c). The spherical-harmonic expansions of the






`(` + 1)φ`mYm` (n̂), (A.1.5a)








φ`m ±2Ym` (n̂). (A.1.5b)
Generally, a spin 2 field can be expanded in E and B-modes, for example,
(γi ± iγ2)(n̂) =
∑
`,m
(ε`m ± i β`m) ±2Ym` (n̂), (A.1.6)
where ε`m are the E-mode multipoles and β`m are the B-mode multipoles. These transform
oppositely under parity: ε`m → (−1)`ε`m and β`m → (−1)`+1 β`m. However, we see from
Eq. (A.1.5b) that the gravitational shear has no B-modes (in the Born approximation that we
are assuming here), while ε`m =
√
(` + 2)!/(` − 2)!φ`m/2.
























In the flat-sky approximation, we project onto the tangent plane at the centre of the observed
field and denote positions in this plane with a 2D vector θ. Expansions in spherical harmonics





φ(l)eil ·θ . (A.1.9)
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l2φ(l)e±2i(ψl−ψθ )eil ·θ, (A.1.10b)
where ψl and ψθ are the angles that l and θ, respectively, make with the x-axis. Note that the
components of the shear are defined relative to a polar-coordinate basis in the plane; rotating
to a global Cartesian basis removes the factors of e∓2iψθ .










A.2 Relation to the matter power spectrum
We can relate the lensing angular power spectra to the 3D matter power spectra as follows. We
begin by expanding the gravitational potential in Eq. (A.1.2) in Fourier modes Φ(k, χ) and










q( χ) j` (k χ)Φ(k, χ)
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Ym`
∗( k̂) . (A.2.1)
The two-point correlator of the gravitational potential is
〈Φ(k, χ)Φ∗(k ′, χ′)〉 = (2π)3PΦ (k; χ, χ′)δ(3)D (k − k
′), (A.2.2)
where PΦ (k; χ, χ′) is the unequal-time power spectrum of the gravitational potential. It follows
















qs ( χ′) j` (k χ′)PΦ (k; χ, χ′).
(A.2.3)
This simplifies if we adopt the approximation made in Chapter 5,
PΦ (k; χ, χ′) ≈
[
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Finally, we can relate the 3D power spectrum of the gravitational potential to the 3D matter
power spectrum using Poisson’s equation, i.e.,






1 + z( χ)
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, (A.2.7)
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A.3 Spherical correlation functions
Expressions for the spherical correlation functions of the gravitational shear from the angular
power spectrum can be obtained following the methods used for CMB polarization (also a
spin-2 field) in Refs. [291; 292]. To maintain generality, we give results including B-modes
although, as noted above, these are expected to vanish for the gravitational shear.
As discussed in Chapter 5, the correlation functions of the shear for lines of sight n̂1 and
n̂2 are simplest when the shear is expressed at each point in bases generated by the great circle
through the two points. If α1 is the angle required to rotate θ̂1 in a right-handed sense about n̂1
onto the tangent to the great circle there, the rotated shear is γ̄(n̂1) = e−2iα1γ(n̂1). For redshift
distributions qr ( χ) and qs ( χ), the two-point correlation functions of the rotated shear are
























where d`mn are the reduced Wigner D-matrices, and θ is the angle between n̂1 and n̂2. The
correlation coefficients for the shear components follow from these expressions (noting that the
right-hand sides are real-valued):




ξ+(θ; r, s) + ξ−(θ; r, s)
]
, (A.3.2a)




ξ+(θ; r, s) − ξ−(θ; r, s)
]
. (A.3.2b)
Correlations betweenmixed components, e.g., 〈γ̄1,r (n̂1)γ̄2,s (n̂2)〉, vanish sincewe are assuming
that parity invariance holds in the mean (so that Cεβ
`






Corrections to the KiDS-450 covariance
matrix
After the work described in Chapter 6 was done, [4, henceforth T18] reported errors in the
covariance matrix used in the KiDS-450 analysis of H17. In particular, they studied the effect
of shape noise in the analytical covariance matrix beyond simple geometrical approximations
used in the KiDS-450 analysis, and found that a more careful treatment increases the effect of
shape noise by a factor of three, thus greatly increasing the errors and alleviating the tension
with Planck. They also used a different implementation of multiplicative shear bias, and found
a mistake in the estimation of effective angular bin centres used in H17. In this section, we
repeat the tests to the KiDS data presented in Sec. 6.2 with the corrected covariance matrix
of T18, and evaluate the effect of these corrections on the internal inconsistencies in the KiDS
data.
It is worth noting that the analysis of T18 pointed out some other differences with respect to
the originalKiDS analysis. In particular, T18 use the code CosmoSIS [293] instead of CosmoMC for
their MCMC analysis. This code uses a different parameterization of ΛCDM, using the Hubble
parameter H0 instead of θMC is a free parameter. They also introduced photometric redshift
bias parameters to account for errors in the calibration of photometric redshift distributions,
instead of using bootstrapping with multiple realizations as done in H17. We confirmed that
none of these minor differences affect the results in any significant way, as claimed by T18, by
reproducing the left-hand panel of figure 2 in T18 (Figure B.1). The change in the covariance
matrix does however produce a rise in S8 that alleviates the tension with Planck. We now review
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Figure B.1: The plot S8 − Ωm for the full likelihood. In blue, the Planck contours,
obtained with the TT+lowTEB 2015 likelihood; In grey the original results from H17,
in red the contours using the T18 covariance matrix. As expected, the plot is similar
to the left-hand plot in Figure 2 in T18, despite the using a different MCMC sampler
and accounting differently for errors in the photometric redshift distributions.
Original Corrected
yD S8 AI A χ2cond Nσcond S8 AI A χ
2
cond Nσcond
minus z-bin 1 0.745 ± 0.040 1.14 ± 0.85 61.0 (52) 0.89 0.771 ± 0.037 1.57 ± 0.82 47.9 (52) −0.41
minus z-bin 2 0.754 ± 0.042 1.24 ± 0.80 66.3 (52) 1.40 0.774 ± 0.041 1.25 ± 0.78 49.3 (52) −0.26
minus z-bin 3 0.771 ± 0.039 1.25 ± 0.57 78.2 (52) 2.60 0.793 ± 0.038 1.41 ± 0.56 61.4 (52) 0.92
minus z-bin 4 0.684 ± 0.071 −0.1 ± 1.7 87.9 (52) 3.52 0.712 ± 0.069 0.2 ± 1.5 66.5 (52) 1.42
minus ξ− 0.778 ± 0.040 1.10 ± 0.73 89.7 (60) 2.71 0.779 ± 0.040 1.14 ± 0.69 62.0 (60) 0.18
minus ξ+ 0.705 ± 0.048 0.92 ± 0.97 84.1 (70) 1.20 0.732 ± 0.049 1.2 ± 1.1 81.4 (70) 0.96
Table B.1: Reproduction of Table 6.3, using the original covariance matrix on the
left, and the corrected covariance matrix on the right.
its effects on the internal inconsistencies of H17.
B.1 Removal of redshift bins and separate ξ+ and ξ− analyses
Our main result is shown in Table B.1, which compares the effect of removing the different
redshift bins and separating ξ+ and ξ− on the original and corrected analyses. We see how
after correcting the covariance matrix, the different redshift bins are consistent with the rest
of the data, with differences below the 2σ level in all cases. Table B.1 also illustrates the
very significant improvement in goodness of fit after the covariance matrix has been corrected.
Similarly, separate ξ+ and ξ− analyses are consistent with the rest of the data within 1σ.
This is further illustrated by Figure B.2, which reproduces Figure 6.5 for the original and
corrected covariancematrices in the left and right-hand sides respectively. Figure B.2 highlights
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Original Corrected
Figure B.2: Reproduction of figure 6.5, using the original covariance matrix on the
left, and the corrected covariance matrix on the right.
Parameter H17 best fit ‘Extended prior’ best fit Nσ
Ωch2 0.119 ± 0.044 0.61 ± 0.22 2.19
H0 km s−1Mpc−1 74.8 ± 4.9 270 ± 82 2.38
ns 1.09 ± 0.13 0.59 ± 0.24 1.83
σ8 0.89 ± 0.17 1.59 ± 0.50 1.33
Ωm 0.254 ± 0.081 0.100 ± 0.050 1.62
Table B.2: Reproduction of Table 6.2, using the corrected covariance matrix.
the two main effects of the corrections to the covariance matrix: An increase in amplitude, and
a widening of the error bars. We see how this changes greatly reduce the number of outliers in
the data, and their significance.
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Figure B.3: Reproduction of figure 6.1, using the original covariance matrix on the
left, and the corrected covariance matrix on the right.
B.2 Extended priors
We now explore the effect of the corrected covariance matrix on the extended priors test, by
repeating the analysis with the corrected covariance matrix using the priors from Table 6.1.
Table B.2 shows the effect of extended priors on the parameters that were in tension in Sec.
6.2, as shown by Table 6.2. Table B.2 clearly shows how the corrections to the covariance
matrix increase the tension between default and wide priors. Figure B.3 shows the effect of the
extended priors on cosmological parameters for the default and corrected covariance matrices.
We see how the corrected covariance matrix allows Ωch2 to go to even higher values, being
limited only by the physically motivated prior at Ωch2 = 1. This in turn pushes H0 to higher
values, and decreases ns, due to existing degeneracies between these parameters. Therefore,
the issue with the priors does not disappear with the corrections to the covariance matrix.
B.3 Conclusions
After repeating the internal consistency tests to the KiDS data used in Sec. 6.2 with the
corrected covariance matrix from T18, we find that the internal inconsistencies observed when
removing tomographic redshifts bins or performing a separate analysis using only ξ+ or ξ−
become insignificant, due to the significant increase on both the errors, and the amplitude of
the signal. This also alleviates the tension between KiDS and Planck, as observed by T18.
The problemwith extended priors preferring unexpected values of cosmological parameters
still remains, and it is in fact increased by the wider priors. This effect, combined with the
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problems with photometric redshifts and the observed B-modes which are not understood,
indicates that the errors in the covariance matrix were not the only issue in the KiDS analysis
of H17. There seem to be other systematic effects that are not being taken into account, and
that are displacing the parameters to values that differ from the expected values if allowed
by the priors, however, we lose sensitivity to these effects after the increase in the errors on
the T18 covariance matrix. Given the accuracy of present-day experiments, it is important to
understand the origin of these problems, since they could be caused by systematics effects that
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